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An Interdisciplinary Approach to Argumentation and Proof in
Mathematics Teaching: The Legacy of Giandomenico Cassini's
Gnomon

Daniela Tossini! and Giovanni Longo®
"Mathematics Dept. Universita degli Studi di Roma “Tor Vergata”, tossini@mat.uniroma2.it

2Istituto di Struttura della Materia, CNR, longo@jism.cnr.it

We explore the opportunity to use Gian Domenico Cassini's Gnomon in San Petronio Basilica in
Bologna as a powerful classroom tool to enhance argumentation and proof approaches within
mathematics education. We designed and developed some laboratory activities to introduce Kepler's
laws of planetary motion through the lens of interdisciplinary integration. These didactic pathways
exploit the principles embodied by the Gnomon—observation, measurement, and deduction—to
bridge mathematics, physics, architecture and history complementing them with modern didactic
approaches and methodologies. Thus, this a-priori study examines how empirical scientific data can
serve as a warrant for formal geometric proof. We suggest a practical, adaptable framework that
teachers can tailor for various grade level schools, promoting an inclusive learning environment.
This interdisciplinary approach leads the students towards a deeper understanding of logical and
epistemological foundations of mathematical proof.

Keywords: Kepler’s Laws, Interdisciplinarity, Cognitive Unity, Toulmin’s Model, Mathematical
proof.

Introduction

The development of argumentation and proof is recognized as a fundamental part of mathematical
education (Hanna & De Villiers, 2008). It stimulates logical reasoning, critical thinking, and teaches
the ability to justify mathematical claims with rigor (Perelman & Olbrechts-Tyteca, 1958; Toulmin,
2008; Toulmin et al., 1979). However, argumentation is considered by students only in the framework
of the exploration of conjectures and production of examples. Furthermore, they often see the need
for formal proof as a theoretical, disconnected, and non-intuitive exercise, leading to a gap between
enactment of meaningful argumentation and the construction of formal proofs (Pedemonte, 2008;
Stylianides et al., 2016). Thus, we propose a teaching activity which intends to bridge this gap by
connecting mathematical concepts with their historical, physical, and artistic contexts (Berlin & Lee,
2005; Tossini, 2025). In presenting this didactic model, it is crucial to clarify our epistemological
stance, highlighting the role of interdisciplinarity in our approach. There are many examples that
indicate that undertaking teaching of a mathematics subject from different points of view leads to a
better and a more solid understanding by the students (Tossini & Longo, 2025). Indeed,
interdisciplinary teaching requires the deep integration of concepts, methodologies, and
epistemologies from multiple fields to synthesize a new, cohesive understanding. In our work, we
explicitly adopt an interdisciplinary framework; our didactic pathway does not merely place history,
physics, and mathematics side-by-side, but actively uses empirical astronomical data and physical
laws as the necessary foundation (the warrant) to construct and validate a formal mathematical
geometric proof. We chose an application which focuses on Gian Domenico Cassini (1625-1712),
specifically his work on the great meridian line (Gnomon) of the Basilica of San Petronio in Bologna
(Bernardi, 2017). This same teaching model can be adapted and extended to promote regional



architecture, i.e. other large meridian lines that are present in other churches and basilicas around the
world, such as the one in Santa Maria degli Angeli in Rome, built by Bianchini (Lanciano et al.,
2010). Our instructional strategy integrates different subjects to achieve an interdisciplinary and
comprehensive view of Cassini’s contributions. The core research problem addressed in this paper is
the well-documented cognitive and pedagogical gap students experience when transitioning from the
informal exploration of conjectures to the rigorous construction of formal proofs. To investigate this,
our study is guided by the following research question: How can an interdisciplinary instructional
design, anchored by the historical and scientific context of Cassini’s Gnomon, facilitate the
understanding of Kepler’s laws and lead students' transition from empirical argumentation to formal
deductive proof? By answering this question, we aim to demonstrate how logical processes, artifacts
and architectonical materials embedded in their historical background can serve as rich, integrative
didactic tools, providing new context for mathematical argumentation that leads students in a natural
way toward formal proof (Bussi, 2009; Thomaidis & Tzanakis, 2022).

Theoretical Framework: Argumentation and the Didactic Continuum

Our proposed activity adopts the perspective that argumentation and proof lie on the same
pedagogical continuum. Argumentation is the informal presentation of justifications and reaching
conviction, often addressed using Toulmin's model of data (facts, statistics, or proof that support the
claim), warrant (underlying assumption or reasoning that connects the data to the claim), claim (main
point or thesis drawn from the data). Proof, on the other hand, is the formal, deductive argument that
allows determining truth within the axiomatic system of mathematics (Hitchcock, 2017; Stylianides
et al., 2016; Toulmin, 2003). In this model, the Cassini Gnomon is the primary data source:

o Data (Empirical): The movement of the Sun’s image along the meridian line, allowing for the
precise measurement of the Sun's maximum and minimum heights and the perceived size
throughout the year.

o Warrant (Physical/Astronomical): The established laws of optics and celestial mechanics (e.g.,
the concept of heliocentricity, Kepler’s laws of or the concept of obliquity of the ecliptic, which
is approximately 23.5°).

o Claim (Mathematical): Statements about the elliptical shape of Earth's orbit and the conservation
of angular momentum.

Having defined these three cornerstones, our pedagogical goal is to guide the teaching by leading the
students through the process of using the physical data (Cassini's measurements) and the established
warrants (Kepler’s laws) to formally prove the claim that is the geometric properties of the ellipse
(the underlying shape of the Earth's orbit).

To clarify the scope of this research, we present an a-priori epistemological and didactical analysis of
a proposed instructional sequence. The target context for this design is secondary school mathematics
and physics classrooms, where students traditionally encounter both Kepler’s laws and the analytic
geometry of conic sections. By employing Cassini’s Gnomon as our central artifact, we structured the
didactic sequence to guarantee the principle of cognitive unity (Pedemonte, 2007). The methodology
consisted of deconstructing Cassini's historical scientific process and mapping it onto Toulmin’s
model. We ensured that the building blocks used in the informal argumentation phase (the empirical



solar measurements and the physical warrants of Kepler's laws) are the exact same building blocks
mathematically formalized in the proof phase (the geometric parameters of the ellipse). This a-priori
analysis serves as the foundational blueprint for future empirical testing in the classroom.

The Cassini Gnomon, an interdisciplinary anchor

The meridian line in San Petronio, was completed by Cassini in 1655. It is the world's longest
astronomical instrument of its kind (66.8 meters, Figure 1, left panel). Its primary purpose was to
accurately measure the obliquity of the ecliptic (the tilt of the Earth's axis) and the precise length of
the tropical year, in order to determine with high accuracy, the equinoxes and solstices. The line
functions as an inverse sundial, where a small aperture (Figure 1, centre panel) in the vaulted ceiling
projects a solar image onto the floor. In the XV century, the Church's interest in the calendar was
linked to the determination of the date of Easter which, unlike Christmas, always falls on December
25th, is a moving holiday and depends on the motions of the Sun and the Moon (Coyne & George,
2006). Indeed, the Council of Nicaea in 325 A.D. determined that Easter was to be celebrated on the
first Sunday after the first Full Moon following the Spring Equinox. Yet, in the 16" century, the
calendar was still the one developed during Julius Caesar, which, after more than 1500 years, was no
longer reliable. Thus, in 1575 the Christian Church asked a friar expert in astronomy and mathematics,
Egnazio Danti, to build a device capable of correcting the calendar, determining with accuracy the
dates of the equinoxes. Before the modern clocks, the passing of time was determined using sundials,
thus Danti used San Petronio Basilica to build his device, and to accurately determine the moment of
the Spring equinox, which would then allow the date of Easter to be defined (Bonoli, 2005). This
gives an excellent opportunity to complement the teaching of physics and mathematics with the
reading of the original texts by Cassini himself, where he detailed the procedures, the difficulties and
the objectives of his work. The original historical text describes how the artist’s scientific accuracy
was influenced by the architectural design and the use of light and space within the Basilica,
connecting geometric necessity to artistic choice.

Before the correction of the Roman Calendar, the Supreme Pontiffs consulted for a long time the
most celebrated astronomers, (...), to know on which day of the year the equinoxes arrive, by
which the festivities must be regulated. (...) This gave Father Egnazio Danti the opportunity to
trace a gnomonic line in the church of San Petronio in 1575, to observe the equinoxes and solstices.
He judged it fitting that these celestial observations, which served an ecclesiastical matter of such
great importance, should be made in the churches themselves. (...) Danti observed, in this
gnomonic line of his, the Winter solstice of 1575, which was found to fall between the 11th and
12th of December. And truly this line was more suitable for observations of the solstices than of
any other position of the Sun. (Cassini, 1983)

Figure 1: The meridian line (left) the Gnomon (centre) at San Petronio Basilica. Right: the meridian
line passing through the columns



In 1655, the Fabbriceria entrusted Cassini with the design of a new sundial, after the expansion works
of San Petronio Basilica would have destroyed Danti's device. Cassini at that time was already
renowned for his astronomical discoveries and had distinguished himself for the accuracy of its
astronomical observations, demonstrating, for example, that the comet of 1652 was beyond the lunar
orbit. Cassini took the opportunity not only to replace the sundial with a larger and more precise one,
but to transform it into something much more powerful.

When it was proposed to me to embellish the majestic basilica of San Petronio with a new solar
path, I rejoiced at the magnificent opportunity offered to me to demonstrate, with that very
realization, many projects that I had long conceived in my mind for the luster and perfection of
Astronomy. (Cassini, 1983).

Cassini’s "heliometer" (Sun meter) transformed the image of the Sun into a large, measurable disk on
the floor, converting the Basilica into the largest and most sensitive scientific instrument in the world
at that time. (Bernardi, 2017) The construction of the Gnomon required advanced architectural and
artistic considerations, to integrate a precise scientific instrument into the existing gothic structure.
The line itself, inlaid into the floor with precision, exploiting the church’s alignment to avoid the
columns, represents a synthesis of mathematical rigor and artistic aesthetics (Figure 1, Right panel).

Table 1: Phases from argumentation to proof

Phase Focus Activity Argumentation — Proof

Students analyse historical data
from Cassini and use a geometric
simulation (e.g., GeoGebra) of the
Gnomon to plot the annual path of

the Sun's image.

Students formulate a conjecture and

initial arguments on the shape of the

orbit, based on the changing apparent
solar speed (Kepler's 2nd Law).

I: Exploration Observation &
(argumentation) || data collection

Kepler’s Laws are introduced as the Students use trigonometry and the
II: Justification Warrant & warrant. Students translate the Gnomon's geometry to calculate the
(Connecting Physics empirical physical reality of Earth's orbit into || changing distance between Earth and
& Math) evidence the geometric properties of an  |[Sun (using the change in the Sun's image
Ellipse. position).
Students formally prove that the set of
III: Formalization || Deduction & The definition of an ellipse is points defined by Kep!e.r s laws s.atlsﬁes
(proof) formal proof presented, based on two foci the geometric definition of ellipse,
P (PF1 + PF2 = constant). linking astronomical observation (data)

and geometric model (proof).

Physics: Argumentation through Kepler's Laws

Cassini's Gnomon allowed performing meticulous observations of the Sun’s dimensions and
movements over the year. This allowed obtaining empirical evidence that the speed and apparent size
of the Sun's image vary throughout the year and that the maximum height of the Sun's image (at the
winter solstice) and the minimum height (at the summer solstice) are consistently measurable. The
first observation serves as empirical data supporting Kepler's Second Law (the Law of Areas), which
states that the line joining a planet and the Sun sweeps out equal areas during equal intervals of time.
Students can argue, based on Cassini's observational data, that if the velocity changes, the orbit must
be non-circular, a powerful instance of scientific argumentation. The variation in height, directly
measurable with the Gnomon's geometry, also provides data supporting Kepler's First Law (the Law



of Ellipses), paving the way for the formal proof of the ellipse's properties. This is confirmed by the
apparent size of the Sun’s image, which shows how the distance between Earth and its star changes
over the year. From a didactic point of view, the discussion of Cassini’s findings provides a very solid
and participative educational pathway, thus reinforcing the teaching.

Methodology and Instructional Sequence

We can summarize the instructional unit by structuring it in three phases, moving from tangible
argumentation to formal proof (Stylianides & Stylianides, 2009; Zazkis & Marizza Stix, 2025). This
sequence utilizes the historical sources of authentic, high-quality data (Cassini's work), decorating it
with the historical and architectural background, to motivate the necessity of mathematical proof,
transitioning the student from conviction (argumentation) to certainty (proof) (Clark, 2019).

Formalization (Proof): Proving the Ellipse

The concluding phase that can be used to guide students from empirical data and physical laws to
formal geometric proof, demonstrates the necessity and power of deductive reasoning (Arzarello et
al., 1998; Miller et al., 2024; Reiss, 2011). The position of the Sun's image on Cassini's Gnomon
allows for the precise calculation of the Sun's declination (J) and the distance between Earth and Sun
(r) at different times of the year. The relationship between the Sun's altitude at noon (a), the latitude
of Bologna (¢, approximately 44.5°), and the declination is given by the formula:

a=90°— @+ 6

By measuring o (derived from the position of the Sun’s spot on the floor) and knowing ¢, students
can calculate the precise 0 for any date. The declination, in turn, is used to model the geometry of the
elliptical orbit.

Proof of Kepler's First Law from Observational Data

To understand how to present formal determination that the orbit of the Earth, as observed by Cassini,
is an ellipse, we propose some activities that can be carried out by students to prove this fundamental
physical law and that can be transferred into an educational setting. First, the polar equation of an
ellipse should be determined. The most direct way to prove the elliptical nature of the orbit using
astronomical data is by demonstrating that the measured distance r satisfies the polar equation of a
conic section, with the Sun at one focus:

_ p
"= 1+ ecos(6)

e ris the Earth-Sun distance (radius vector).

e e is the eccentricity of the orbit (in the case of Earth it’s approximately 0.0167).

o pis the semi-latus rectum (a geometric constant).

e (O is the true anomaly (the angular position of the Earth from the perihelion).
The second step involves connecting Cassini's data to the equation. Students can use the distances
calculated from the Gnomon's data at four key points.



Table 2: Position of the Sun at different dates

| Point “ Date “Angular Position (0)“ Distance (r) |
| Perihelion || Early January || 0° || Tmin =a (I - e) |
| Aphelion || Early July || 180° || Fmax =a (1 +e) |
| Equinoxes || Mid-March/Sept. || 90°and270° || r(90270)=p |

The students use the measured 7i» and 7max (Which are determined by the Sun's apparent size change,
which Cassini also measured, or by the changing speed predicted by Kepler's 2" Law) to calculate
the constants a (semi-major axis) and e (eccentricity) for the orbit. The concluding step is determining
the formal proof of Kepler’s Laws, which stems from the Gnomon’s data and leads the way to the
geometric teaching: the introduction of polar equations of a conic section.

1. Hypothesis (data): The maximum and minimum Earth-Sun distances 7ui» and 7max, derived
from the Gnomon's observations, are not equal, therefore the orbit is not a circle.
2. Deduction: If the orbit is an ellipse, its distances at perihelion (6 =0°) and aphelion (6 =180°)
must satisfy the polar equations:
p __P o p __Pp
1+ecos(0°) 1+e M 1+4+ecos(180°) 1-—e
3. Formal proof: By manipulating these two equations, and considering p = a (1-¢?), students can

Tmin =

prove that the sum of the distances is constant and equal to the major axis (2a):

p p 2p 2a(1—e?)
- - = 2a

Tmin + Tmax = = =
mneomax s 1 e 14e  1-—e? 1—e?
In conclusion the derived distance relationship satisfies the fundamental geometric property of an

ellipse (the sum of the focal radii is constant, 2a). The observation that 7in # rmax necessitates that e
# 0. Therefore, the observations obtained by instruments like Cassini's Gnomon formally prove the
elliptical nature of the Earth's orbit.

Educational Outcome and Implications for Practice

Overall, this sequence demonstrates how a historical artifact can be transformed into a dynamic
platform for high-level deductive proof. Through this interdisciplinary pattern, students can realize
that the abstract formulas of analytical geometry are just a formalization of the physical reality first
observed by Cassini centuries ago. As illustrated in previous works (Mariotti, 2006; Miyazaki et al.,
2017; Reid, 2005), this completes the didactic continuum that starts from the observation/data
(Gnomon) passing through the argumentation (Kepler’s laws) and concluding in the proof (elliptical
geometry). To move beyond the specific case presented and inform broader classroom practice, it is
essential to consider how teachers can adapt this model within typical curricular constraints.

This didactic activity is a cross-curricular module, where educators embed it within standard STEM
curricula. For example, the sequence can be implemented at different school levels by adjusting the
level of formalization. In lower secondary education, the focus can remain on qualitative
argumentation, exploring the relationship between shadows, seasons, and varying planetary speeds.
In upper secondary education, the activity aligns perfectly with standard syllabus topics, such as
analytic geometry (conic sections) and physics (kinematics and gravity). Implementing this
interdisciplinary approach requires specific teacher knowledge spanning mathematical formalism,
historical context, and physics principles. Because a single teacher may not possess deep expertise in



all these areas, this model strongly advocates for collaborative co-teaching between mathematics,
physics, and history educators. This collaboration also enriches the historical contextualization of the
lesson. For instance, teachers can present Egnazio Danti’s original drawings from the A/magestum
Novum (Figure 2, Left) (Bonoli, 2002), alongside Cassini’s work (Figure 2, Right) (Bonoli, 2005).
Showing students that the universe in the late 16th century was still widely envisioned through the
Ptolemaic system (geocentric) highlights the bravery of Cassini’s conviction in scientific proof.
Engaging with these original texts fosters a true STEAM environment, proving that mathematical
advancement is deeply intertwined with human history and architectural design.
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Figure 2: Left panel: the heliocentric model; Right panel: Original schematization of Danti’s Gnomon
in San Petronio by Cassini

Discussion: The Didactic Value of the Interdisciplinary Model

The integration of the Cassini Gnomon into the teaching of argumentation and proof offers several
significant didactic advantages over traditional methods. By centering the unit around a tangible,
historical artifact, the model addresses the common student question: "Why are we studying this?
And why do we need proof?" (Detlefsen, 2008) The Gnomon, a 17th-century scientific instrument,
shows how data can be used to challenge pre-conceived notions (e.g., that orbits are perfect circles).
It imposes the need to reconcile in a formal way the empirical observations (for instance the changing
of solar speed/distance) with established physical laws (Kepler's Laws). This provides authentic
motivation for the deductive consistency of geometric proof and facilitates an epistemological shift,
moving students' understanding of proof from a mere procedural exercise to a necessary tool for
establishing objective, non-empirical truth in science and mathematics. Thus, in our test-case,
Kepler's Second Law becomes the critical link between argumentation and formal proof. The
qualitative observation that the Sun's apparent velocity varies throughout the year suggests a non-
circular orbit, and Kepler's Law of Areas

dA

— = constant
dt

provides a rigorous and quantitative foundation, a physical warrant for this observation. The
subsequent steps involve the recognition that the varying Sun-Earth distance 7 is directly correlated
to the physical law of the conservation of angular momentum, leading directly to producing a
geometric model—the ellipse—whose definition must be formally proved. Indeed, the underlying
geometric principles and calculation methods that govern the Gnomon's operation lead to formal
geometric proofs (Hannula et al., 2018). By integrating physics and mathematics, such as by using



astronomical tools to validate physical theories, heliocentrism and Kepler's laws of planetary motion
(Graney, 2010), the transition to formal geometry becomes less abrupt and more meaningful for the
students. Beyond mathematics, the study promotes essential interdisciplinary competencies. The
inclusion of art and architecture contextualizes the scientific pathway, showing Cassini’s reasoning,
and the hurdles he had to face in terms of geometry and precision to realize this monumental
construction. Furthermore, by engaging in historical texts and scientific debates, students can develop
an appreciation for mathematics as a dynamic, human endeavor, rather than a static set of rules. For
instance, presenting the “official” reason to build the Gnomon to measure with precision the
equinoxes, to correct the Julian calendar into the Gregorian calendar, which was introduced in those
years (Barbin, 2022) or the work needed to design the Gnomon as a mathematical instrument
embedded in monumental art, and the difficulties to combine such instrument with an environment
which had other purposes (Perez-Enriquez et al., 2017). Finally, the presentation of ancient texts
shows how the relationship between logic and language in proof and proving and the deductive
reasoning have always been fundamental in the methodology of science (Azrou, 2013; Capone, 2022;
Plantin, 1992). This holistic view enhances student engagement and critical analysis skills, which are
crucial for advanced mathematical thinking.

Conclusion

This paper advocates for the implementation of an interdisciplinary, artifact-based teaching model,
anchored by the historical and scientific legacy of Giandomenico Cassini’s Gnomon, to foster deep
understanding of argumentation and proof in mathematics education. The model successfully guides
students from argumentation, which is encouraged through the analysis of Gnomon’s empirical data
and the formulation of physical conjectures (Kepler's Laws) to formal proof, which is attained by
deducing the geometric properties of the elliptical orbit using the polar equation of a conic section,
thereby formally validating the physical observations. By treating the Gnomon as a historical data
source, a physical laboratory, and a grand geometric notebook, educators can provide context to
teaching, making the abstract rigor of mathematical proof both relevant and necessary. Future
research should focus on empirical testing of this model across different educational levels to quantify
its impact on students' competence in constructing and validating formal mathematical proofs.
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Reasoning across data and context: Warrants and backings in
students’ data-based arguments

Carlotta Vielmo'
"University of Trento, Italy; carlotta.vielmo@unitn.it

This paper reports on a study investigating how upper secondary students justify decisions in a data-
informed setting. At the beginning of a teaching sequence on data-based argumentation, students
worked in small groups on an open-ended decision-making task based on a statistical investigation.
Drawing on an adaptation of Toulmin’s model, the analysis of students’ written productions focuses
on the warrants connecting data to conclusions and on their backings. The results identify a range of
warrants and show how backings intertwine statistical and context knowledge, offering insights into
how knowledge from different domains combine when arguing with data in decision-making contexts.

Keywords: Data-based argumentation, stochastic reasoning, Toulmin’s model.
Introduction

In many areas, from health and mobility to environmental policy, citizens routinely face claims and
decisions justified through statistical evidence. Interpreting data and constructing and evaluating data-
informed arguments have therefore come to be seen as a key component of statistical literacy and,
more broadly, of citizenship education (Bolstad, 2025). However, despite growing recognition of the
centrality of statistical information in contemporary argumentation and decision making, there is still
relatively little research on how to conceptualize and support data-based argumentation in education.
Existing studies (e.g., Krummenauer et al., 2023) offer explicit conceptualizations and interventions
to address students’ difficulties, but systematic evidence remains limited across school levels, the
variety of data sources (such as online media, official reports, and classroom activities), and the wide
range of statistical reasoning processes involved in constructing and assessing arguments from data
(e.g., processes related to exploratory data analysis or to statistical inference).

Against this background, this study is part of a broader ongoing project (Vielmo, 2025) that draws on
Habermas’ construct of rational behaviour, as adapted in mathematics education research on
classroom discussions around defining, conjecturing and proving (e.g., Boero et al., 2010). Building
on the idea that different domains mobilize distinct forms of rationality (Boero & Turiano, 2020), the
project explores statistical rationality, understood as a form of rational behaviour that emerges when
engaging with statistical data. Recent works show the potential of this lens for investigating students’
statistical literacy (e.g., Biischer, 2024). The project focuses on designing and analysing learning
activities that elicit data-based argumentation, conceived as a practice in which reasons and evidence
are made explicit, examined and discussed, through criteria progressively co-constructed within the
learning community (Boero & Turiano, 2020). In this context, the present article examines students’
written productions in an open data-based decision-making task completed at the beginning of a
teaching sequence on data-based argumentation. Before the structure and validity of arguments had
been discussed in class, students were asked to take a position on a decision problem and justify it
using a given dataset. Specifically, the contribution focuses on how students articulate logical
connections between data-informed evidence and claims, and on whether and how they back these
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connections by appealing to both stochastic and non-stochastic knowledge, thus providing insights
into whether and how these forms of knowledge are mobilized and intertwined in students’ initial
written arguments. The analysis is carried out through the lens of Toulmin’s model, as used in
classroom settings (Boero et al., 2010) and adapted here for stochastic reasoning. Drawing on existing
literature (e.g., Gobmez-Blancarte & Tobias-Lara, 2018), the hypothesis is that this model — suitably
adapted — enables a detailed analysis of how students construct data-based arguments, highlighting
the conditions and limits of their validity.

Theoretical framework and research question

Data-based argumentation denotes argumentation in which data function as central to support for
claims. In existing works, this notion is often connected with informal inferential reasoning (IIR),
asking students to draw general conclusions from samples (e.g., Gomez-Blancarte & Tobias-Lara,
2018). This study adopts a foundational perspective focused on processes taking place at the data
level, such as grouping, comparing, or selecting representations, which lay the groundwork for
possible generalization. These processes already require students to decide what counts as relevant
evidence and how to articulate it in support of a decision, and thus constitute an essential part of data-
informed decision making (Méndez-Reina & Estrella, 2023). In this view, working with data goes
beyond computing descriptive statistics or producing graphs. It involves selecting, transforming and
interpreting information from a dataset in ways that are meaningful for decisions, and combining this
with knowledge about the problem context (e.g., goals of a social intervention) to construct an
argument that can be shared and discussed within the community.

Situating data-based argumentation in decision-making context serves two main educational
purposes. First, decision making is a key component of mathematical and statistical literacy that
underpins scientific citizenship. Second, decision-making tasks involve analysis, weighing
alternatives, and justification (Martignon, 2019), and thus constitutes a pedagogical tool to elicit
students’ argumentation, opening it up for discussion. The emphasis lies on using data to justify
different positions, shaping the space of possible decisions, rather than electing a single decision.
Several studies highlight the value of ill-structured or socially open-ended problems for engaging
learners in statistical investigation and argumentation (Gonzéalez & Chitmun, 2019), stressing the
importance of real-world data for designing authentic tasks that motivate students’ engagement
(Libman, 2010). By allowing for different reasonable solutions, such activity encourages students to
explore the space of possible data-informed decisions rather than converse to a single final solution.

To analyse the structure of data-based arguments in this context, an adaptation of Toulmin’s model
of argumentation is here adopted. In its classical form, the model unpacks an argument into six
components: the claim is the statement argued; the data provides evidence that backs up the claim;
the warrant expresses the logical connection between the data and the claim and the backing provides
warrant’s support; the qualifier includes elements indicating the strength of the claim; and the rebuttal
specifies counter-arguments or exceptions. In stochastic contexts, previous studies suggest that the
model requires careful interpretation: when data are involved, producing and evaluating arguments
entails coordinating statistical and contextual considerations. The interplay of empirical data,
stochastic principles, and contextual considerations can lead to different forms of arguments (e.g.,
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data-centred, theoretical, non-deterministic, quasi-causal as discussed by Schnell (2014)) as well as
diverse ways of expressing abductive reasoning (Mendez-Reina & Estrella, 2023). Furthermore,
students often leave parts of the inferential structure implicit, especially when not asked to articulate
all steps, so that reconstruction by researchers is required (Gomez-Blancarte & Tobias-Lara, 2018).

Drawing on these contributions, the adapted model used in this study foregrounds the role of data and
stochastic principles, targeting foundational processes at the data level that underpin later informal
inferences and data-informed decisions. Specifically, the data component refers to statements that
introduce information from the dataset as explicit evidence, supporting the claim and enabling the
application of the warrant. The data component is the outcome of a (not necessarily linear)
construction process that involves selecting variables or cases, transforming into representations
(understood broadly to include for instance graphs, tables and numerical summaries), and interpreting
them in relation to the problem context. This process entails performing transnumeration, defined as
changing representations to foreground different aspects of the phenomenon, and coordinating
statistical knowledge (SK) and context knowledge (CK), reflecting the nature of statistics as an
ongoing dialogue between these two forms of knowledge (Wild & Pfannkuch, 1999). The raw dataset
remains a resource object, but does not constitute the data component alone: it enters the argument
through the statements built on constructed representations and their contextual interpretations.

Here the warrant is intended to capture the underlying principle, either stochastic or not, that connects
the data to the claim. When an argumentative step draws on stochastic reasoning, it may instantiate a
general stochastic principle. Therefore, in those cases, the warrant is conceived as the stochastic
criterion or rule according to which the evidence provided by the data component, constructed against
the backdrop of statistical data, is taken to support the claim. For instance, a warrant might state that
subgroups should be compared by looking at relative frequencies.

The backing provides the appropriateness and foundation of the warrant. Since the warrant highlights
the stochastic knowledge mobilized, its backing is here articulated along three interconnected levels.
First, stochastic validity, concerning the correctness of the stochastic ideas involved (e.g., how to
compute and use relative frequencies, or whether a certain summary measure is appropriate for the
type of data). Second, the adequacy of CK, referring to the plausibility and relevance of the contextual
assumptions underlying the warrant (e.g., justifying an intervention in light of certain educational or
social goals). Third, statements about the adequacy of the stochastic principle in the given context,
grounding why such a principle is appropriate in that situation (e.g., whether using relative frequency
1s a reasonable criterion in the context). While the warrant specifies how statistics support the claim,
the backing explains why this link is acceptable, drawing on SK, CK, and their coordination.

The qualifier expresses the strength of the claim. In statistical inference, this role requires uncertainty
language, and is often conveyed through probabilistic language or numerical measures of uncertainty
(Gomez-Blancarte & Tobias-Lara, 2018). Since the present context is not restricted to statistical
inference, the qualifier includes any expression that reflects how tentative or strong a possible
decision 1is, in light of the evidence and reasoning. This may include explicitly probabilistic
formulations as well as everyday formulations communicating a degree of confidence or caution.
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The rebuttal specifies conditions under which the claim would not hold, indicating exceptions or
counter-examples. In stochastic decision-making tasks, it may appear when students refer to factors
that could change a decision, such as the availability of new data or the imposition of additional
constraints. Beyond simply opposing or weakening a claim, rebuttals can help clarify how evidence
has been constructed and used, making visible which alternatives were considered and discarded.
When more reasonable decisions coexist, rebuttals may contribute to the argument completeness by
delineating the claim’s boundaries, revealing which parts of the decision space have been explored.

Against this background, this study investigates how upper secondary students construct arguments
when asked to make decisions grounded in statistical data, focusing specifically on the kinds of
warrants that connect data to conclusions and on the different forms of backing that support these
warrants, in order to explore how the intertwining of statistical and contextual considerations shapes
data-based argumentative products. The guiding research question is as follows: What types of
warrants do upper secondary students mobilize when they argue about decisions based on statistical
data, and what kinds of backing support these warrants?

Method

The present study took place in a 10th-grade class of an Italian science-oriented high school,
involving 21 students in a 10-hours teaching sequence designed to support the development of data-
based argumentation. Across the sequence, different activities gradually guide students toward co-
constructing and applying shared criteria for evaluating quality of data-based arguments.

This study focuses on the first activity of the teaching intervention. After a brief guided introduction
to the digital environment CODAP (https://codap.concord.org/), a free web-based data analysis tool
designed for grades 5-14, students work in groups (nine pairs and one group of three) to decide
whether to support the installation of bicycle maintenance stations (bike pit-stops) in a school district
and to justify using a given dataset on students’ home-to-school commuting habits. Each group writes
its justification and posts it on a shared Padlet, without reading others’ responses before submitting,
to encourage independent work. At this stage, no explicit criteria for argument quality are introduced:
the goal is to elicit students’ spontaneous conceptions. In the following phases (not analysed here),
groups are asked to identify strengths and weaknesses in six responses to the same task, pre-
constructed by the researcher to show data-based arguments of varying quality. Groups’ comments,
along with their task resolutions, provide the basis for the next class discussion aimed at co-
constructing shared criteria of validity and quality. Later activities are devoted to applying and
refining these criteria in a new task.

The first activity task is framed within a realistic public policy scenario on school mobility, which is
potentially meaningful for students as it relates to everyday issues that may affect them directly. In
the scenario, municipal offices responsible for Education and Social Policies are considering
measures to support home-to-school commuting for economically disadvantaged students. The task
asks students to focus on one possible intervention: the installation of bike pit-stops in district schools.
The related dataset, built to reflect the realistic scenario, includes commuting data for 656 students
who meet economic criteria, enough to ensure a non-negligible number of cyclists while maintaining
plausible proportions with respect to external sources. Variables include both personal information
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(e.g., age) and mobility habits (e.g., distance and travel time). Variation across schools allows for
multiple lines of analysis and fosters comparison, encouraging diverse arguments. The full task, as
presented to students, is available at https://tinyurl.com/mathpie2026codap.

Analysis protocol

The analysis draws on the written productions from 9 out of 10 student groups; one is no longer
retrievable. Each argumentative structure is reconstructed both at local and global level (Knipping &
Reid, 2015), using the adapted Toulmin framework. The aim is to identify, as far as possible, the
different components. Since warrants and backings are often left implicit, an interpretive process is
implemented: assuming that students intend to produce logically coherent arguments rather than
unrelated assertions, missing warrants and backings are made explicit by the researcher when they
can be reasonably inferred from the way data and claims are connected.

Once each argument is reconstructed, warrants are first classified as stochastic or not, according to
whether they can be put in clear relation to stochastic criteria or purely contextual, value-based
criteria. Stochastic warrants based on the same principle are grouped together (e.g., comparing
relative frequencies, using measures of central tendency, or focusing on subgroup proportions). For
each type of stochastic warrant, the associated backings are analysed to shed light on the different
groundings of the warrant. In line with the theoretical framework, this involves examining the
knowledge mobilized (SK, CK, and their coordination) and its role in supporting the warrant.

This protocol provides an overview of which stochastic warrants are activated and which forms of
backing legitimize their use, while also supporting qualitative analyses of how specific warrants and
backings are articulated and how variation in backing the same warrant shapes students’ decisions.

Results

The analysis focuses on how warrants and backings structure the students' data-based arguments in
the decision-making task. All nine groups (named G1-G9) constructed at least one argued decision
about whether to install bike pit-stops, linking their claim to the dataset exploration.

Across the groups, warrants vary in nature. Some invoke stochastic principles, such as comparing
proportions of cyclists to a set threshold; others rely purely on contextual, value-based criteria, such
as equity and cost. Table 1 presents an overview of the types of warrant used and the groups that
chose them, according to the decision alternatives formulated in each written product.

Table 1: Overview of warrant types by single possible decision and groups that used them.

Possible decisions about bike pit-stops

Type of warrant
It is not useful It may be useful
Stochastic Below/above a threshold value G1, G3, G5, G8 G2, G9
principles
Arithmetic mean G3
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Distribution characteristics G3
Mode G4, G6, G7, G8
Not Intervention/benefit related to other transports use G5 G7
stochastic
principles
Intervention or benefits related to the use of bicycles G4 G2, G6, G7
Environmental care G2, G7
Costs G5, G8 G2
Bicycle maintenance requirements G8

As shown in Table 1, some products argue different possible decisions (e.g., G3), and stochastic and
non-stochastic warrants coexist. Notably, each group mobilized at least a stochastic principle.

Regarding threshold-based criteria, in several products the decision about supporting the intervention
rests on the idea that “there are too few cyclists” or that the percentage of bicycle users is not “enough”
to justify the investment. In G1’s production, for instance, the decision not to support the measure is
grounded in the observation that bike use is very low in some schools, which implicitly activates a
researcher-inferred rule of the form “if the proportion of cyclists is below a certain implicit threshold,
the intervention does not make sense”. Similar threshold warrants appear in G3 and G5 and are also
present in groups that eventually express more nuanced positions. In these arguments, the warrant is
here considered as stochastic in form, but the threshold itself is not derived from a formal criterion;
rather, it seems to reflect an intuitive judgment about what counts as “few” or “many” in this context.

Another cluster of stochastic warrants centres on the mode. Four groups decide where to locate
interventions by focusing on the school in which the bicycle is used the most, following a warrant of
the form: “if a behaviour is most frequent in a subgroup, that subgroup is the most appropriate target
of the intervention”. For example, G4 builds around the idea that installing bike pitstops makes sense
only in school B because, when looking just at bicycle users, it has the highest number of cyclists,
yet without questioning a threshold-based criteria in the sense previously discussed.

The case of G3 is interesting because it combines various stochastic warrants. The group begins by
stating that “in our opinion, the bicycle is not a means used enough by students (only 8.8%),”
implicitly opposing the measure, thus mobilizing a threshold-based warrant. They then add that the
intervention “would make sense if other students who travel similar distances started using bikes (...)
this is supported by the fact that the average distance travelled by those students is similar to that of
current bike users.” This introduces a line of prospective reasoning anchored in the available data:
such an argument line displays a chain in which the fact that other modes have similar average
distances to cyclists serves as evidence for a warrant based on the arithmetic mean, leading to
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conclude that switching to bicycle use is feasible. Within this hypothetical future scenario, a second
threshold-based criterion is invoked, according to which bike use would then be sufficiently
widespread to justify the intervention. The group concludes that “since the distribution of students
who use bicycles is not equal across schools, it would not make sense to install [the stations] in every
school,” a warrant here classified as “distribution characteristics,” since referring to the shape of the
distribution across institutions.

Alongside stochastic warrants, a variety of non-stochastic ones emerge (Table 1), often arguing on
personal considerations, such as the cost and practical feasibility: if bikes maintenance is unaffordable
for families, or if other measures offer broader benefits, then allocating funds to bike pit-stops is less
reasonable. Others appeal to environmental sustainability or transport quality, for instance by arguing
that expanding or electrifying public transport would have greater impact.

To examine how stochastic reasoning shapes students’ arguments, only backings linked to stochastic
warrants are reported. Retrievable backings were found only for some threshold-based warrants: they
refer to gender equity (GS5), expected future impact (G2, G8, G9), and aspects of cost, environment,
and health (G2). In other instances of threshold reasoning (G1, G3, and one occurrence in G5), as
well as arithmetic mean, distribution characteristics, and mode, no backing could be retrieved.

Argumentative steps grounded in the same stochastic principle may rely on diverse types of backing,
as can be seen by comparing G2 and G5. The latter reports that most bike users are male and concludes
that the measure would not promote gender equality. Here the warrant applies a threshold to the
variable “gender”: a measure is rejected if male use outweighs female use. When the threshold
principle is instead backed by feasibility or maintenance concerns, as done by G2, the reasoning
shifts: attention moves to the practical implications of using bikes and to the maintenance costs. In
this way, the same formal warrant is reinterpreted through different backings, which significantly
affects its meaning in the decision context.

Most cases assuming a threshold-based warrant refer to sample size, such as when students justify a
mode-based decision by pointing out that the group benefiting from the measure is large enough to
be relevant. However, G1, G3, and G5 do not clearly explain why sample size is a suitable criterion.
Specifically, G1 simply states that the measure should not be supported because in schools F and C
“very few people use bicycles”.

Other uses of threshold-value principles are backed by contextual assumptions about the need to
support even small groups of bike users due to benefits related to environment, health, and traffic
(G2), about what counts as a reasonable cycling distance (G9), and about the expected impact that
the measure may have on students’ future behaviour (G2, G8, G9). Regarding future perspective, G9
shows that bike use is concentrated below a certain distance and reports the percentage of non-users
within that range, concluding that “with the aim of converting not only public-transport users but
others as well on routes under 5 km, this initiative can be considered valid.” While statistical
processing is relatively rich, the justification for why such conversion is desirable remains hidden.

Mode-based warrants relate either to looking at the most frequent transportation mode in each school
(G6, G7) or to finding the school with the highest bike use (G4, G6, G8). In both cases, the idea is
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that resources should go to transportation mode or school covering the largest number of students,
though this criterion is rarely made explicitly. In the production of G6, the lack of contextual
foundation is particularly evident. G6 first states that bike pit-stops would be useful only in school B,
since having the highest absolute number of bikes. Later, they apply the mode-based principle
mechanically to all schools and transportation modes, proposing pit-stops for cars in school A, for
buses in school C, and so on. While internally consistent with the warrants, these claims do not make
sense in the task context, as is evident in the suggestion of pit-stops for buses in school C or for
pedestrians in school D. Moreover, pit-stops for both bikes and buses are suggested in school B,
without considering modes whose frequency falls between that of bikes and buses.

Discussion and conclusion

With respect to the research question, concerning the types of warrants and backings mobilized in
students’ data-based arguments, a salient feature revealed by the analysis is that stochastic and non-
stochastic warrants often co-occur within the same argument. Even when statistical tools are used,
the links from data to final claim are rarely fully stochastic; instead, some arguments are largely
characterized by non-stochastic steps, at times relying on personal assumptions not clearly grounded
in the given dataset or external sources. Besides, coordinating SK and CK does not come naturally,
and the tendency to be anchored in personal or loosely justified contextual facts can have an impact
on the final argumentative product, especially when data plays only a minor, illustrative role.

Backings emerge as a central yet unproblematized component in this picture, being often implicit.
For instance, G1 states only that the bike pit-stop should not be installed because in schools F and C
there are “very few” bike users. The argument relies on a threshold-based warrant concerning the
sample size of bike users, but why that threshold is meaningful in this context remains implicit.

When retrievable, backings tend to be rooted in contextual goals, values, and assumptions, with no
reflections on the adequacy of the statistical principle itself. For example, extensive use of contextual
backings with minimal statistical anchoring is seen with G2, which briefly compare frequency of
diverse transport modes, and then builds most of the argument on contextual backings, including
health benefits, costs and traffic reduction. In this case, data function as a small trigger, while the
warrant and backing unfold almost entirely in the CK. Other groups invert this balance, sometimes
problematically, as shown with G6: they apply stochastic principles mechanically, without using CK
to check the plausibility of their decisions, resulting in claims that do not make sense within the task.

Taken together, these identified patterns indicate that students’ arguments tend to be statistics-heavy
but context-light sometimes, while the opposite in other times. From the perspective of classroom
setting, this calls for explicit work on warrant acceptability in a given situation and on how different
backings influence choices at diverse levels, suggesting the need to revisit and problematize this issue
openly with students, especially when working on criteria for argument quality.

The task also appears to elicit similar warrants across different groups. Threshold-based criteria and
mode-based criteria recur in several arguments. However, the situation becomes more complex when
attention shifts to backing. The same warrant can be applied to different parts of the dataset and
supported by different forms of CK. For example, a threshold-based warrant can be backed by a goal
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of maximizing the number of beneficiaries (e.g., if too few students would benefit, the measure is
rejected) or by equity concerns (e.g., if one gender receives more benefit, the measure is rejected),
leading to distinct claims or the same claim but distinct reasons. This shows a difference from a
typical mathematical argument, where warrants are consistently grounded in mathematical theory and
remain within the same domain. In the present stochastic decision-making context, warrants and
backings frequently cross domain boundaries: statistical patterns are mobilized, but their choice and
sense depend on the contextual and normative frame that accompanies them.

Differences in contextual goals also emerge in the temporal orientation of arguments. Some students
adopt a present-focused stance: if the dataset shows no strong current need, the measure is not
necessary. Others take a future-focused stance: even if present conditions do not justify intervention,
implementing the measure could itself change the situation (e.g., by incentivizing bicycle use or
improving environmental sustainability). These orientations influence the warrants and final claims:
present-focused arguments treat the dataset as a static snapshot already providing sufficient evidence,
whereas prospective ones use it to anticipate how interventions might reshape future data outcomes.

Within this landscape, the adapted Toulmin framework appears instrumental to conceptualize and
analyse data-based arguments. By isolating warrants and backings, it allows a closer look at how
students construct the logic of their argumentation, identifying where and how a stochastic principle
enters a line of argument. The framework may be helpful not only at the level of local argument but
also may be promising to analyse global argument. For instance, the response of G3 was analysed as
comprising two separate lines of argument. However, the second line — built around a hypothetical
scenario in which students travelling similar distances might switch to bicycles — can also be
interpreted as a rebuttal of the first. In this sense, it specifies the conditions under which the initial
threshold-based warrant would lead to a different decision, thus refining its scope and applicability.

These results are not intended to be generalized at this level. The study involved a small sample from
a single classroom and refers to an early stage of a wider teaching sequence; however, in the next
phase, a whole-class discussion is planned to revisit and further elaborate on these initial
contributions. Future research would be useful to deepen students’ argumentative patterns and
choices observed here, together with their evolution, as well as to further develop the analytical lens
presented in study.

References

Bolstad, O. H. (2025). Mathematical literacy-What is missing?. In Bosch Casabo, M., Carreira, S.,
Bolondi, G., Gaidoschick, M., & Spagnolo, C. (Eds.), Proceedings of 14th Congress of the
European Society for Research in Mathematics Education. ERME.

Boero, P., Douek, N., Morselli, F., & Pedemonte, B. (2010). Argumentation and proof: A contribution
to theoretical perspectives and their classroom implementation. In M. M. F. Pinto, & T. F.
Kawasaki (Eds.), Proceedings of the 34th Conference of the International Group for the
Psychology of Mathematics Education (pp. 179-209). PME.

Boero, P., & Turiano, F. (2020) Rational communication in the classroom: Students' participation and
rational mathematical templates. In J. Ingram, K. Erath, F. Renning, A. Schiiler-Meyer, A.

20



Chesnais (Eds.), Proceedings of the Seventh ERME Topic Conference on Language in the
Mathematics Classroom (pp. 139-146). ERME.

Biischer, C. (2024). Adapting Habermas’ construct of communicative rationality into a framework
for analyzing students’ statistical literacy. Educational Studies in Mathematics, 117(1), 121-141.

Gomez-Blancarte, A., & Tobias-Lara, M. G. (2018). Using the Toulmin model of argumentation to
validate students’ inferential reasoning. In M. A. Sorto, A. White, & L. Guyot (Eds.), Proceedings
of the Tenth International Conference on Teaching Statistics. International Statistical Institute.

Gonzalez, O., & Chitmun, S. (2019). It's a good score! Just looks low: Using data-driven
argumentation to engage students in reasoning about and modelling variability. In U. T. Jankvist,
M. Van den Heuvel-Panhuizen, & M. Veldhuis (Eds.). Proceedings of the eleventh congress of the
european society for research in mathematics education. Freudenthal Group & Freudenthal
Institute, Utrecht University and ERME.

Libman, Z. (2010). Integrating Real-Life Data Analysis in Teaching Descriptive Statistics: A
Constructivist Approach. Journal of Statistics Education, 18(1)

Knipping, C., & Reid, D. (2015). Reconstructing argumentation structures: A perspective on proving
processes in secondary mathematics classroom interactions. In A. Bikner-Ahsbahs, C. Knipping,
& N. Presmeg (Eds.), Approaches to qualitative research in mathematics education: Examples of
methodology and methods (pp. 75—101). Springer.

Krummenauer, J., Gutensohn, F., Aichele, J., Emhart, M., & Kuntze, S. (2023). Young primary
students’ difficulties related to data-based argumentation—a qualitative analysis. In P. Drijvers, C.
Csapodi, H. Palmér, K. Gosztonyi, & E. Kénya (Eds.), Proceedings of Thirteenth Congress of the
European Society for Research in Mathematics Education. ERME.

Martignon, L. (2019). How to foster risk literacy in children and youngsters. En J. M. Contreras, M.
M. Gea, M. M. Loépez-Martin & E. Molina-Portillo (Eds.), Actas del Tercer Congreso
Internacional Virtual de Educacion Estadistica.

Méndez-Reina, M., & Estrella, S. (2023). Peirce's and Toulmin's perspectives to examine the informal
inferential reasonings of preschool children. In P. Drijvers, C. Csapodi, H. Palmér, K. Gosztonyi,
& E. Konya (Eds.), Proceedings of Thirteenth Congress of the European Society for Research in
Mathematics Education. ERME.

Schnell, S. (2014). Types of arguments when dealing with chance experiments. In C. Nicol, S.
Oesterle, P. Liljedahl, & D. Allan (Eds.), Proceedings of the joint meeting of PME 38 and PME-
NA 36 (Vol. 5, pp. 113-120). PME.

Vielmo, C. (2025). Investigating students’ co-construction of statistical argumentation. In Bosch
Casabo, M., Carreira, S., Bolondi, G., Gaidoschick, M., & Spagnolo, C. (Eds.), Proceedings of
14th Congress of the European Society for Research in Mathematics Education. ERME.

Wild, C. J., & Pfannkuch, M. (1999). Statistical thinking in empirical enquiry. Infernational
Statistical Review, 67(3), 223-248.

21



Modelling motivates Proofing: A tale of two stories
Michael Fischer!
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This paper investigates how interdisciplinary modelling projects in mathematics education can serve
as a catalyst for mathematical argumentation and proof. While mathematical research often requires
rigorous proof methods to validate qualitative properties of models from the life and social sciences,
modelling and proving are frequently treated as separate spheres in school practice. We contrast this
with an integrative perspective, supported by an exploratory analysis of two classroom episodes. In
both cases, we demonstrate that authentic hurdles in dealing with the interdisciplinary context (sport)
triggered a natural "proof impulse” in the learners. The analysis suggests that proving properties
within models can assume a functional necessity for validation and construction.

Keywords: Mathematical Models, Secondary school mathematics, Reasoning, Proof
Introduction

The connection between mathematical reasoning and proof and other applied disciplines should be a
central concern of current mathematics education research, as this connection has long been a reality
in the scientific practice of applied mathematics: mathematical models are used not only to describe
complex phenomena in biology, physics, or social sciences, but also to better understand their
underlying mechanisms (Fischer, 2022). In contrast to this integrated scientific practice, “modelling”
and “proving” are frequently treated as separate spheres in school mathematics (Kollosche, 2021).
Modelling is often reduced to the application of already known procedures in open tasks, while
proving remains isolated as a purely intra-mathematical, formal activity. This paper argues that this
separation is artificial and can be overcome through authentic, interdisciplinary problems. Such an
integration is important not only because it reflects how mathematics functions as a scientific
discipline, but also because it can make proof more purposeful and meaningful for learners. We
investigate the hypothesis that modelling problems raising genuine questions from other disciplines,
in our case social sciences via rating systems, can create situations in which empirical exploration is
no longer sufficient and learners are led towards proof-like reasoning. We use the term “proof
impulse” to refer to the moment in the modelling process when learners experience a genuine need
for proof-like reasoning in order to address a mathematical question that empirical or
phenomenological evidence alone cannot settle. To illustrate this, we analyse two paradigmatic
classroom episodes spanning the spectrum of secondary education: a proof-oriented episode during a
two-hour modelling project in a Grade 7 class (lower secondary), and reasoning processes during a
modelling week in upper secondary education. Against this background, this paper addresses the
research question: To what extent can authentic, interdisciplinary modelling contexts generate a
proof impulse among learners, and what functional roles does prove play in these processes?

Theoretical Background, Reasoning in Modelling & Proof

In the discussion on mathematics education regarding argumentation and proof, two parallel strands
have developed: one examines the various functions of proof and the resulting needs for proof and

22



proof-like reasoning among learners. The second, often considered separately, deals with reasoning
and argumentation in realistic modelling contexts.

The role of proof in mathematics instruction extends far beyond mere verification, i.e., ensuring the
correctness of a statement. Hanna (1989) argued for "proofs that explain®. She distinguishes between
proofs that merely verify and those that convey insight and understanding of why a statement is true.
For the learning process, this explanatory function is often more important than pure formal truth. De
Villiers (1990) systematized this spectrum and identified central functions of proof that go beyond
verification: explanation (why is it true?), systematization (ordering statements into a deductive
system), discovery (finding new results), communication (social negotiation of knowledge), and
intellectual challenge as an end in itself. These functions are crucial because they can trigger different
proof needs in learners (Reid & Knipping, 2010). A need for proof does not arise automatically just
because a teacher demands a proof. It arises when learners see a necessity for one of the
aforementioned functions. As Reid & Knipping (2010, p. 9) note, a student might not feel a need to
verify an obvious statement, but may very well feel a need for an explanation of why it holds. In the
present study, proof is conceptualized primarily as an epistemic tool. Proof needs thus arise likely in
contexts perceived as authentic. According to Stylianides et al. (2022), authentic mathematical work
is characterized by learners generating knowledge that is new to them (or their community), with this
knowledge generation based on "reasoning-and-proving”. The necessity to prove can arise
intrinsically when learners make their own discoveries and must validate them.

Despite this broad recognition of the functions of proof, the practice of argumentation and proof in
didactic research is often treated separately from the practice of modelling. Kollosche (2021) offers
a useful framework for this. He describes how different "styles of reasoning™ have emerged in
mathematics education, which are often viewed in isolation: The "Postulation Style" (Proving)
corresponds to axiomatic-deductive proving, as known from geometry or arithmetic. It aims at intra-
mathematical, structural truth whereas e.g., the "Modelling Style" (Modelling) aims at the utility and
applicability of mathematics in the "real world" (Kollosche, 2021, p. 480). Its primary goal is
phenomenological fit (how well the model describes reality), not axiomatic rigor.

This epistemological separation leads to a didactic separation: modelling is seen as a context for
application, proving as a context for abstraction. This artificial separation, we argue, ignores a central
and authentic mathematical practice: the necessity of proving within the modelling process itself.
Modelling is understood as a process in which real problems are translated into mathematical
language, solved intra-mathematically, and the results are subsequently related back to reality and
validated (Blum & Leil, 2007; Kaiser, 2020). In didactic discussion, modelling is often viewed as
the "application side™ of mathematics, contrasting with the "postulation style” (Kollosche, 2021) of
pure proving. At the center of the modelling debate is the demand for authenticity (Kaiser, 2020).
Often research focused on whether the e.g. contexts or data used were authentic, however Schliter &
Besser (2024) broaden this narrow focus. They argue convincingly that authenticity is not exhausted
by context but depends also on the authenticity of the "purpose of mathematics used”. A problem is
thus authentic if the reason why mathematics is practiced corresponds to a real purpose. Here, we
identify a crucial gap in previous modelling didactics: A central and authentic purpose of applied
mathematics, namely proving on the model, has so far played a subordinate role. Proving within
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applied mathematics is, however, an essential component of its "cultural practice”. As detailed in
Fischer (2022), a main field of applied mathematics is the analysis of models (such as interacting
particle systems) not only through simulations but also through mathematical proofs. While a
simulation can only ever show a finite number of scenarios, a proof can provide e.g., insight into the
general and qualitative long-term behavior of the model. Proving qualitative properties is thus an
important part of validating models.

The step of validation in the modelling process (Kaiser, 2020) is often reduced to a mere comparison
between result and reality, for example, “Does the calculated result fit the real situation?”. Actual
mathematical validation (and construction), as it occurs in scientific practice, often goes much deeper:
it questions the qualitative properties of the model itself. It is not just about whether a model works,
but why it is suited and under which structural conditions it works. In this sense, the settings discussed
here engage learners in complete modelling cycles and thus follow a holistic approach (Kaiser, 2020).
In line with Kaiser and Sriraman (2006), modelling can involve epistemological orientations when
mathematical work shifts from empirical fit to the justification of structural properties. Here, such
epistemological work emerges particularly during validation, and in parts also during model
construction, when learners engage in proof-like reasoning to justify properties of the model.

In this authentic practice, e.g., in the context of rating systems, questions arise such as: Is the model
fair or systematically biased? Is the model not only realistic but also in general applicable? In general,
these questions cannot be answered by empirical testing (simulation) alone. They require proof-like
reasoning to explain and validate the structure and inherent properties of the model. This "proof
impulse™ is an authentic "purpose” of mathematics use in the sense of Schllter & Besser (2024).

This contribution aims to bridge the gap between the separately considered “Styles of Reasoning”
(Kollosche, 2021) by conceptualizing proof as an epistemic tool within modelling rather than merely
as formal verification. More specifically, the case studies show how two functions of proof emerge
from authentic modelling processes: explanation within validation, where learners use proof-like
reasoning to account for the (in)adequate functioning of an existing model, and discovery within
construction, where they engage in explicit proof-like reasoning to justify conditions under which a
new model becomes mathematically viable.

Methodological Approach

For this contribution, we use a qualitative, interpretative approach based on the analysis of two
paradigmatic case studies (Flyvbjerg, 2006). The goal is not statistical generalization, but the thick
description and theoretical generalization of a specific phenomenon: the "proof impulse” in
modelling. We treat these cases as narrative episodes (Clandinin & Connelly, 2000) to trace the
process of their emergence.

As an author, | adopt the role of a documenter. | reconstruct the events based on field notes (as a
lecturer), observation protocols, and students' artifacts (Fischer & Strohhammer, 2025), as well as
their modelling week report and final presentation. The analysis is conducted interpretatively, by
which | interpret the episodes through the lens of our theoretical framework (previous section). |
present each episode in a three-part narrative structure: the situation, the complication (the proof
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impulse), and the resolution (the proof process). We introduce each episode to the reader with its
sociological and mathematical background.

Episode 1, A rating system at Olympia
Sociological and Mathematical Background

The inclusion of sport climbing in the program of the 2021 Olympic Summer Games in Tokyo marked
a milestone for the discipline (Fischer & Krause, 2025; Fischer & Strohhammer, 2025). To rank the
athletes across the three different disciplines of Speed, Boulder, and Lead, the "Olympia Combined"
format was developed. The officially communicated goal of this format was to identify the "best all-
rounders" in sport climbing (Fischer & Strohhammer, 2025) and the Osterreichisches Olympisches
Comité [Austrian Olympic Committee] (2017), for example, titled its announcement "All-rounders
wanted." Despite this clear objective, the chosen scoring system, in which the final score P was
calculated by multiplying the individual discipline rankings s, b and [, met with immediate and
strong criticism from athletes and the media for different reasons (Fischer & Krause, 2025; Fischer
& Strohhammer, 2025). The eventual silver medalist, Nathaniel Coleman, summarized his dilemma:
"It's just hard to focus on three disciplines at the same time" (Keyser, 2021). A core element of the
criticism was a fundamental contradiction: the system appeared to fail its stated objective. Instead of
rewarding all-rounders, it seemed to systematically favor "experts", that is, athletes who performed
extremely well in one discipline and significantly worse in others. This discrepancy between the
declared purpose of the model (finding all-rounders) and its observed behavior (rewarding experts)
formed the authentic starting point for the teaching project.

The central question arising from this sociological controversy is purely mathematical in nature: How
does a multiplicative system (P = s - b - [) behave when comparing athletes with a similar overall
performance (e.g., a similar sum of ranks)? The athletes' critique can be proven qualitatively. Since
the lowest score wins in climbing, athletes seek to minimize their rank product. The mathematical
background for this can be already developed in lower secondary education. It can be shown that for
rectangles (n = 2 disciplines) and cubes (n = 3) with the same perimeter (corresponding to the sum
of ranks A), a square (or dice), the all-rounder has the largest area resp. volume (product). For the
minimization sought in climbing, this means the opposite: with a constant sum of ranks, the product
P becomes minimal when the factors are maximally unbalanced (the expert, e.g., 1, 8, 8), and maximal
when they are balanced (the all-rounder, e.g., 5, 5, 5). The subjective criticism about an imbalance
from the athletes could thus be analytically validated through an elementary mathematical proof
regarding the qualitative properties of the model. Fischer and Krause (2025) also discuss more in-
depth mathematical methods for analyzing the problem. In response to this widespread criticism and
the experiences during the Olympic games, the system was indeed fundamentally revised for the 2024
Olympic Games in Paris: Speed climbing became a separate medal event, while Boulder and Lead
were combined using an additive system (Fischer & Krause, 2025).

The Episode: But is it true for all numbers?

The setting for this first narrative episode is a two-hour modelling project, which was conducted as
part of a Master's thesis (Fischer & Strohhammer, 2025) in eight Austrian Mittelschulen
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(internationally comparable to comprehensive schools) with seventh-grade students. The starting
point was the highly authentic conflict that received media attention during the 2021 Olympic Games.
For the debut of sport climbing, the "Olympia Combined" format was developed with the declared
goal of identifying the "best all-rounders™ in climbing. However, this goal was strongly criticized by
athletes and the media, as the chosen multiplicative rating system P = s - b - | apparently favored
"experts"” (Fischer & Strohhammer, 2025).

The teaching unit began by establishing this authentic context through quotes from athletes,
newspaper articles, and official communications from the Olympic Committee. Due to the
mathematical level of the classes, the problem was, by agreement, reduced to a simplification with
only two disciplines G = b - l. The students were immediately asked to develop initial ideas for
alternative, "fairer" rating systems, whereupon additive systems A = b + [ or the arithmetic mean
were expectedly proposed in almost all classes. It was discussed in plenum that the goal in both
systems (multiplicative and additive) is the minimization of the total score, a crucial detail for the
later analysis. For a detailed analysis of the lesson planning and theoretical considerations, we refer
to Fischer & Strohhammer (2025).

The "proof impulse™ — the emergence of a need for proof — occurred during the validation phase. The
students first analyzed the actual Olympic final rankings and developed the hypothesis that experts
(e.g., rank 1 in one discipline, high rank in another) were favored by the multiplicative system. This
hypothesis was then tested in an exploratory phase (see Figure 1) using a table in which various
placement combinations for a constant sum (e.g., b + [ = 10) were calculated. The students quickly
recognized the pattern from the results: The experts achieved the lowest (best) total score, while the
all-rounders received the highest (worst) score.

Wir betrachten verschiedene Méglichkeiten der Platzierungen in Boulder und Lead-climbing.
Dabei sollen beide Teilplatzierungen zusammenaddiert 10 ergeben, es gilt also
b + | = 10. Welche Teilplatzierungen fiir b und | ergeben die beste Gesamtwertung? Probiere

in der untenstehenden Tabelle aus!

(> [ 3 [5 [Z |6 4] etz | |
le=bi] 21 (25 |76 |24 9 | |71 .|
b [ 3] 4] hladgl b |4t [0 [F®
| 7 A A W[ b [3 J | L
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Figure 1: Completed value tables for b + 1 = 10; some pupils recognised the symmetry, some did not

Although this testing of discrete examples was already convincing, a "proof impulse” (as designed in
the lesson plan) arose in several classes: Does this relationship always hold? Does this apply to all
invariant sums of partial placements? This moment marked the transition from empirical simulation
to the necessity of a structural explanation—the "proof impulse™ which initiated a phase of proof-like
reasoning. It was used to initiate a prepared proof process in a whole-class discussion. The instructor
asked the students where they knew the formula "variable times variable™ from. The students correctly
identified it as the area formula for a rectangle. Based on this, the "all-rounder” (e.g., 5 and 5) was
conceptualized as a square, and the "expert" (e.g., 1 and 9) as a long, thin rectangle. The statement to
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be proven was then formulated geometrically: "Among all rectangles with the same perimeter, the
square has the largest area."

Unter allen Rechtecken mit gleichem Umfang hat das Quadrat den gréRten Fldcheninhalt. @
ANX
Begriindung:
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Figure 2: On the left a detailed analysis by students of the prepared proof, on the right is a
visualization of the placement of expert Mirsolav and all-rounder Noguchi, who were tied in the final

The students now had to compare the two area formulas a - a (square) and (a — x) - (a + x)
(rectangle), as shown on the worksheet Figure 2 (left). The algebraic transformation to a? — x? was
the decisive step. Although the students (in line with the curriculum for Grade 7 in a Mittelschule)
saw no need in formally arguing why x? is positive, some students recognized heuristically that due
to the subtraction —x?2, the area of the rectangle must always be smaller than the area of the square

a®.

The interaction during this proof-like process was high in all classes, which can be attributed to the
underlying authentic context and the genuine need for an explanation that had arisen. Afterwards, this
insight was extended in the whole-class discussion to the original case with three disciplines (cube
vs. cuboid), and the general validity of the statement was discussed. The mathematical finding (the
multiplicative model punishes all-rounders) was also validated against the real data, for example,
using the case of the athlete Miroslaw, who, as an absolute speed expert (ranks 1, 8, 8), almost won
the bronze medal. The Olympia model was consequently rejected by the students as "unsuitable" for
its stated purpose. When the students learned that the Olympic Committee had indeed abandoned this
rating system for 2024 (based on the same criticism), they felt impressively confirmed in their entire
modelling and proof process.

Episode 2, A rating system in chess
Sociological and Mathematical Background

Rating systems that attempt to measure the relative strength of actors in a competition have received
considerable attention from mathematics and statistics in recent decades. A simple but socially
impactful example is the change in the points system in many football leagues: the switch from a (0,
1, 2) system for a loss, draw, and win to a (0, 1, 3) system was introduced to more strongly reward
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offensive play and, consequently, wins. On a microscopic level, many of these systems can be
described as interactions between agents (players or teams) with ratings (Fischer, 2022). A simple
model for the change in ratings R* and R’ of two players i and j after a game n could take the form

Ly =RL+g(Sy),
Rpw1 =Rj+ g(sji)-
Here, S;; € {—1,0,1} is the match result (defeat, draw, victory). If i wins, j loses, etc., so S;; = —S;;
holds and the function g indicates the points won, i.e., in football
0, x=-1
glx) =11, x=0 .
3, x=1
Arguably the most famous of these systems is the Elo rating model (Elo, 1986). It was developed by
Arpad Elo in 1960 to measure the skill of chess players and is used today in many sports, leagues,
and online games (Diring et al., 2022). Similar to other models from practice (e.g., the Vicsek model

for swarm behavior), the Elo system was long considered primarily an empirical or simulation-based
tool. It worked in practice, but its theoretical properties had not been fully demonstrated.

Only in recent years has the Elo model increasingly attracted the attention of mathematics (During et
al., 2018, 2022; Jabin & Junca, 2015). The focus of mathematics is not on the calculation of individual
games, but on the qualitative properties, such as emergent behavior, and the long-term behavior of
this discrete, microscopic system. Questions that were usually checked only by simulations are now
the subject of rigorous proofs: Does the rating system converge to a "true" skill level of the actors in
the long term? How fast does this happen? To answer such questions analytically, mathematicians
turn to complex methodes. This "cultural practice” of mathematics, the search for an analytical proof
for an empirically validated model, is also reflected in the following classroom episode.

But when is it fair?

The second episode took place as part of the 2024 Styrian Modelling Week (Austria), organized by
the University of Graz. The setting in a group of six pupils was an open project for upper secondary
students: They were tasked with developing a rating system for football leagues or other applications
that exhibits a "fair" mode of operation. The task was deliberately designed to be open, so that during
the week, the students had to, for example, mathematize for themselves what "fair" means in this
context (Kaiser, 2020). The group agreed that a fair system must have the property that after a certain
number of games, the players' ratings converge towards a (possibly unknown) "true™ strength. To this
end, each player i was assigned an intrinsic strength s;.

In the modelling process, the learners independently defined a random variable S;;, which determines
the outcome of a game between two players, proportionally based on their respective strengths s; and
sj. Their considerations closely approximated the so-called Bradley-Terry model (Lieben & Fischer,
2025, Figure 4 left). A student implemented a corresponding model prototypically on his computer,
and the group began to validate the first analyses (Figure 3). In doing so, they ran the simulations
differently long (left: 40 game days; right: 4000). They initially attempted to retrieve the true strengths
"in the ratios of the angles, etc.,” but this proved to be a dead end (Figure 3, right). Subsequently, the
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"proof impulse™ did not arise from an external contradiction (as in Episode 1), but from an internal
hurdle in the design process.

4 >

Spieler entfernen sich bis ins Unendlich 1

Figure 3: Two numerical experiments programmed by llja in Python

After discarding the analysis of the ratios, the students discovered during the simulation of their model
that the rating points diverged widely over time (Figure 3, right); they diverged instead of converging.
The model was "unsatisfactory™ as it violated their own definition of fairness and their desire for
long-term stability (convergence). The "natural question” that emerged from this hurdle was: How
must we construct our model so that the rating points do not "explode™ and “diverge”?

—

X
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Figure 4: On the left, considerations based on the Bradley-Terry model; on the right, a possible
condition for achieving a so-called conservation law as a model

After some time, the group of five students came up with a first possibility: What if one prevents new
rating points from entering the system with each game day? Mathematically, this means ¥;¢; R, =
Yicr Rb44 for all n, we call this Condition B1. In an initial discussion phase, one student suggested
that one could "just subtract the arithmetic mean of the newly gained points each time." Interestingly,
a conceptually comparable technique for stabilizing systems with learning effects is described in
Diring et al. (2018). However, llja interjected that this would not be easy to program.

The students subsequently agreed on a more elegant, structural solution, which formed the core of
the reasoning process. Instead of retrospectively subtracting points, they made the game itself
"symmetric." A player no longer receives 3 (win) or 0 (loss) points, but +1 or -1 point; thus, they
redefined the function g. While discussing this idea, they independently established a central
qualitative property their new model must have to be stable: The sum of two matching players' ratings
must be conserved. For any two players i and j, they formulated Condition B2: R, + R£+1 =R} +
R,{. This approach was not immediately understood by all members of the group, whereupon Luis
explained to the group why B2=B1. The derivation and later explanation of an invariance condition
is an act of proof-like reasoning. It is noteworthy that this assumption, the linear shift invariance (or
the conservation of the total score), is exactly the condition that must be imposed in modern
mathematical research on the Elo rating system (Jabin & Junca, 2015) to be able to make strong
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analytical statements about its long-term behavior (convergence) at all. The proof impulse here was
not a subsequent validation, but an integral part of the construction of a functioning model.

Conclusion

The two narrative episodes provide an affirmative answer to our research question. They demonstrate
that authentic modelling contexts possess potential to generate rich and natural proof needs (De
Villiers, 1990). While the contexts (sport climbing, chess) and the educational levels (lower and upper
secondary) differed, the underlying mechanism answering how these needs are generated was
identical: The "proof impulse™ emerged the moment empirical simulation (the mere testing of values)
was no longer sufficient to answer a fundamental question about the model's qualitative properties.

Our analysis further reveals the functional roles that proving assumes in these processes. We
identified two distinct purposes that emerged directly from the nature of the modelling activity. In
the first case (Olympia climbing), the purpose was validation. The proof impulse came from an
external, authentic public critique. The students had to prove why the model systematically failed and
contradicted its stated goal (finding the all-rounder). Here, proof served the function of explanation
(Hanna, 1989) and the critical evaluation of an existing system. In the second case (Elo project), the
purpose was construction. The proof impulse came from within, triggered by the failure of the
students' own design due to a technical hurdle (instability). The students had to prove that their new,
symmetric model possessed a necessary property (invariance) to make it functional in the first place.
Here, proof-like reasoning served the functions of discovery and construction (De Villiers, 1990).

This work shows that interdisciplinary research connecting mathematics education with other
disciplines (such as sports science or game theory) is not just about applying mathematics; it is about
motivating fundamental mathematical practices. For curricular and instructional design, this means:
to overcome the artificial separation between modelling and proving (Kollosche, 2021), we must
frame proof as an authentic "purpose™ within modelling (Schluter & Besser, 2024). Our episodes
provide two concrete, exploratory design principles: Teachers can (1) provide authentic but flawed
models for validation or (2) pose complex design problems for construction. In both cases, proof is
not a "monument” to be visited, but a necessary tool that the students themselves take up.
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Habermas’ construct of rationality
as a transdisciplinary analytical tool for proving
in different disciplinary domains within and outside mathematics.

Paolo Boero, Genoa University; paolopriero@gmail.com

In this paper I will deal with Habermas’ rationality construct as a tool to deal with salient aspects of
“proving” activities in different mathematical domains and in different disciplines. Thanks to
examples taken from personal experiences in pure mathematics, in applied statistics and in
mathematics education, I will try to show (through the lenses of the components of rationality): How
specific semiotic aspects of the disciplines play different, relevant roles in the practice of rationality
in different domains; and how the problems of activation of the cognitive unity of theorems may be
framed in terms of rationality of proving in mathematics like in other disciplinary domains.

Keywords: Habermas’ rationality, proving, cognitive unity, semiotic aspects of disciplines.
Introduction

Since its first adaptation to research on proof in Mathematics Education (Boero, 2006), Habermas’
construct of rationality has been used for different purposes in mathematics education. First, to
analyze and gain insights into students’ difficulties and mistakes in their activities in different
mathematical domains at different school levels: among others, the use of algebraic language in
different mathematical activities (Morselli & Boero, 2011); proving in Geometry (Urhan & Biilbiil,
2023a); problem solving (Urhan & Biilbiil, 2023b); statistical activities (Buscher, 2024). Second, as
a tool to inform teacher’s guide of argumentative classroom activities and promote student’s
argumentation: “rational questioning”, first implicitly developed by Douek’s contribution in Boero
et al. (2010) PME research forum, and then fully developed by Zhuang and Conner (2024). Third, to
provide prospective teachers with a tool to compare proving and proof in the same domain according
to different theories in teacher preparation (Guala & Boero, 2017).

In the perspective of rationality, in this paper I will consider “proving” in the wide sense of the first
entry of the verb “prove” in the Oxford Advanced Learner’s Dictionary of Current English: “to show
that something is true or certain by means of argument or evidence”. I will consider these cases:
Homological Algebra, Biomedical Sciences, Euclidean Geometry and school Physics according to
my experience as a student-researcher (in the first two cases) and as a researcher in Mathematics
Education (in the other cases). In order to provide some evidence for the usefulness of the construct,
in the perspective of rationality I will deal with: the role of semiotic systems of different disciplinary
domains in proving, with focus on the related difficulties; and the nature of the obstacles that prevent
proving as a process to result in its product —with an extension to other disciplines of cognitive unity
of mathematical theorems, elaborated by Garuti et al. (1996).

Theoretical framework

According to the adaptation of the Habermas’ construct of rationality (Habermas,1998) in
mathematics education (see Boero & Planas, 2014, for more details), a discursive practice is
considered “rational” when the subject intentionally:
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ER (Epistemic Rationality): Justifies her claims according to shared principles in a given cultural
context (not necessarily succeeding in it).

TR (Teleological Rationality): Adopts strategies to achieve her aims according to past reflected
experience (not necessarily achieving them) and asks herself why they were effective or not in the
new situation.

CR (Communicative Rationality): Chooses communication means to reach the interlocutors and enter
a shared “space of communication” with them (not necessarily achieving such goals) - the interlocutor
may be the subject herself in the inner dialogue.

We may note that “not necessarily” is an important reason for the adaptation of Habermas’ construct
of rationality in educational studies, if education is conceived as a dynamic, evolutive process. For
instance, it corresponds (in the case of ER) to the following citation from Habermas (1998):

Someone is irrational if she puts forward her beliefs dogmatically, clinging to them although she
sees that she cannot justify them. To qualify a belief as rational, it is sufficient that it can be held
to be true based on good reasons in the relevant context of justification (...) (p. 312).

A very important feature of the Habermas’ rationality construct is the dynamic intertwining of ER,
TR and CR, according to this citation in Habermas (1998):

Of course, the reflexive character of true judgments would not be possible if we could not represent
our knowledge, that is, if we could not express it in sentences, and if we could not correct it and
expand it (...). To this extent, epistemic rationality is entwined with action and the use of language

(p. 312)

As such, Habermas rationality looks like a useful transdisciplinary way of framing different proving
practices and to gain insights into some related difficulties. I will consider different disciplines,
focusing on difficulties inherent in the mastery of their semiotic systems, with reference to the wide
perspective proposed by O’Halloran (2023); and difficulties inherent in the transition from proving
as a process, to its product. The reference for this generalized cognitive unity is the cognitive unity of
theorems in Garuti et al. (1996): briefly, what happens for some theorems when, during the proof
construction, selected elements emerging during the exploration process (memory of postulates or
definitions or previously proven theorems, hints derived from abductive or inductive reasonings, local
arguments, etc.) are adapted or interpreted and deductively enchained to build a proof.

Cognitive unity in the rationality perspective
The case of Euclidean Geometry

The following task is not easy for 10" grade students (after some thirty hours of work in the domain
of Euclidean Geometry, including autonomous proving of some theorems), and even for prospective
mathematics teachers: “Given a circle, to construct an isosceles triangle whose sides are tangent to
the circle”. This task was proposed, after having focused student teachers’ attention on the relevance
of construction problems, and how they are dealt with, in Euclid’s Elements. This kind of text is
frequently produced in high school and not rare among prospective mathematics teachers:
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(Roberto, a future teacher): After making some trials by drawing some figures, I have seen that [
can draw an acute angle, whose sides are tangent to the circle, by conducting a perpendicular line
from the center C to the sides a and b of the angle; then I draw a straight line joining the vertex
of the triangle with the center of the circle; where it meets the circumference, I draw the tangent
to the circle by constructing the perpendicular to the straight line through that point 7. Thus, I get
a triangle whose sides are tangent to the circle.

Figure 1: Roberto’s drawing

(my questions on Roberto’s sheet of paper): “How to get an angle that is tangent to the given circle?
And are you sure that at the end you got a triangle?”. Roberto answered this way:

(...) I reverse the procedure that we have seen in the course: on the straight-line r, I take a point
outside the circle, and I try to adjust a straight line through ¥ in order that it becomes perpendicular
to a ray of the circle. For the second question, it is evident that the tangent # meets the sides of the
angle, because 7 is inside the angle.

From the rationality point of view, the chosen strategy (TR) to solve the construction problem fails
to satisfy the ER requirements of proving in Euclidean geometry for two reasons: the crucial role
assumed, in Roberto’s reasoning, by empirical adaptive actions to get a line from a point in order that
it is tangent to a given circle (TR); and the role for him of visual evidence to derive the necessity (ER)
of the encounter of  with both sides of the angle (instead of considering the sum of the angles between
t and a (or b) with r and deriving from it the necessity of both intersections with #). Despite the
previous discussions on the theoretical nature of Euclid’s constructions (including the theoretical
justification of the correspondence of the obtained figure with the related definition), this ER
requirement had been hard to understand by several students. The above task and the subsequent
discussion were an occasion for participants to distinguish between pragmatic and theoretical
problem solving in the case of the solution of construction problems in Euclidean geometry.

Concerning the answer to my second question, the reaction of Roberto when his production was
discussed in the classroom (“In the first construction of Euclid’s elements we have seen that a visual
justification is acceptable in Euclidean geometry”) raised an important (ER) problem that had not
been considered when the case of the Euclid’s construction of the equilateral triangle (where visual
evidence works as justification) had been discussed: which kind of visual evidence was epistemically
legitimate for Euclid? The information, provided to the student teachers, that to avoid visual evidence
as a validity criterion, further postulates had to be added (as it happened at the end of the XIX
century), did not cover this interesting question related to semiotic aspects of Euclidean geometry.



As concerns cognitive unity of theorems, in general, legitimate strategic choices (TR) in the
exploration phase of the process may not satisfy ER requirements in the construction of the product
but might be useful to suggest further strategies to get the product; in this case, the empirical search
for a tangent line “I try to adjust a straight line through ¥ in order that it becomes perpendicular to a
ray of the circle” might have suggested to reverse the process (TR in the transition to the justification
for the construction): to draw 7, (TR) to choose a radius not perpendicular to r, to draw the
perpendicular a to this radius in its extremity on the circumference, then (ER) to prove that it meets
r in a point V, and finally (TR) to draw b from ¥ such that the angle between a and r is congruent to
the angle between r and b, with related justification (ER) that » meets the circumference and is tangent
to the circle, got through the congruence of the two rectangular triangles with hypothenuse V'C.

With reference to Pedemonte’s research (Pedemonte, 2007; 2008) on cases of lack of correct
realization of cognitive unity of theorems in algebra and in synthetic geometry, we may observe that
the stronger difficulties met by students in geometry, put into evidence by Pedemonte, may be due to
the wider distance of the ER criteria and TR moves in the exploration phase from ER requirements
for proof, in comparison with the case of proving in Algebra (at least at the elementary level), thanks
to the unifying role of algebraic language. Indeed, ER requirements for algebraic exploration through
construction and transformation of algebraic expressions are the same for the process and the product.
While the activities of exploration in the case of proving in Euclidean geometry may require empirical
moves and abductions or inductions that are not acceptable according to epistemic requirements of
proof. The lack of awareness about this kind of issues (particularly in the case of ER legitimate
criteria in the exploration that do not fit ER requirements for proof) looks like a critical point in
education to proving activities.

Mathematical modelling in school (classical) Physics

I will briefly illustrate a teaching experiment first performed in Algeria, in a 10" grade class, and then
replicated in Italy, at the same grade, in a class of a scientific oriented high school. I will refer to this
teaching experiment (both the didactic path and the students’ difficulties were very similar). I shared
with the teacher the choices concerning a twelve hours didactical path, from students’ various
conceptions (spontaneous, or induced by previous information from different sources) of the “falling
bodies” phenomenon , to a progressive approach to the main conclusions, concerning: proportionality
of the speed to the time in a particular case; after an initial, quick acceleration, an almost constant
speed in another case; and some intermediate relationships time — speed for the falling bodies.

The classroom activities started by observing how some different object (a pigeon’ ventral feather, a
small sheet of paper, a polystyrene ball, a marble, a small stone) fell. Then the aim of the activity was
presented (TR): to discover more about what was observed: “Why do they fall so differently,
particularly as concerns their speeds?” Students had already learnt speed as the ratio (space travelled)/
time, and had evaluated it for a running person, a car, etc. Students’ hypotheses about why different
bodies fell in so different ways and with so different speeds were collected: different weight; different
shape; different material.

Concerning the following, more systematic exploration strategy, after a short discussion, a shared
decision was taken (TR): a height of 2,50 m from which to leave the body fall, a chronometer to
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measure the time needed to reach the ground. Despite the precision of the chronometer, the reaction
times (with compensation) were considered (ER); a gross evaluation of 0,15s was made. Direct
verification (ER) of some hypotheses followed (TR) by choosing and comparing the falling of the
previous and other different objects, in particular a very small piece of polystyrene, different feathers
— wing and ventral, isolated or packed in small spheres). An interesting discussion followed, about
the evident non-rectilinear falling of some objects, particularly feathers and paper (ER). What speed
means in this case? Which “distance”? Several students met difficulties to realize what “space”
(“spazio” in Italian) meant in this case, according to the well-known definition of speed as the ratio
space/time. Finally, the decision was not to consider the space travelled by the bodies, but the height
travelled, with an evident coincidence in the case of the small stone, the marble and the polystyrene
ball, and an estimation of less than 10% of difference for the other bodies, got (TR) by simulating a
real trajectory of a low falling down body with an electric wire, after trying different ropes. 10% was
small in comparison with the difference between 1,9s needed to reach the ground by the wing feather
and 0,7s by the marble. One conclusion, produced by the students and provisionally accepted by the
teacher, was: what counts, given the same shape (and approximate area), is the weight, in contrast
with what a few students knew — concerning the experiment on falling bodies popularly attributed to
Galileo. Then, questions about the ways of falling of all the considered bodies were suggested by the
teacher: a constant high or low speed? An increasing speed for particular bodies? A long discussion
followed, concerning the characteristics of a tool suitable to help answering this question (TR).
Finally, one of the usual laboratory tools to represent the subsequent positions of the falling body
through a sequence of images on a sheet of paper was proposed by the teacher.

Final experiment: evidence was offered (to the teacher, not to the students!), by the sequence of
images on the paper, for time-speed proportionality in the case of the marble, while the almost
constant speed for the ventral feather was identified by most students by observing (TR) the recorded
sequence of images after the initial increasing speed. Some intermediate situations were also
recorded and identified (like that of a 4cm x 4cm sheet of paper taken from an A4 photocopy paper).

Despite of the notes taken by the students (under the advice of the teacher) during the classroom
work, they met extreme difficulty to realize cognitive unity, i.e. to draw conclusions from the whole
set of the activities. While validation of most, isolated hypotheses (ER) had been relatively easy
during the didactic path, producing (TR), for a hypothetically absent student, a report (CR) about the
whole work done, and specially, of the conclusions drawn from it, was very hard for students. Only
the sequence of the activities was written in most cases. Moreover, despite what some students had
read on books or in Internet and remembered in those days, most students were unable (under a
specific request by the teacher) to identify the proportionality between time and speed (in the case of
the marble and the stone) in the recorded images and even in the list of the related measures. The
teacher had asked: “Can we derive proportionality between time and speed of the falling marble from
the recorded images? How?” And then: “From the list of measures? How?”. No pertinent answer!
After a difficult to manage discussion and its conclusions, the following questions were posed by the
teacher for the ventral feather and then for the marble: “Which formula is suitable to represent the
speed of falling ...? Or, if you prefer, imagine: which Cartesian graphic representation for the height
travelled by...?” Even in the case of the height travelled by the pigeon ventral plume, more than one
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third of students were unable to imagine an almost linear graphic representation (or a formula for the
speed of the falling marble), in spite of the fact that students were already familiar (after a lot of
activities in mathematics in the previous months) with y=mx, y=mx+n, y=ax’ and their graphs.

Research in Biomedical Sciences

Now I would like to move in another direction by considering a personal experience that I may
interpret in this moment (thanks to the evolution of the studies on the adaptation of Habermas’
rationality in mathematics education) as a case in the field of medical sciences, where some
difficulties met by me (as a student researcher in that field) look rather similar (under the lenses of
the construct of rationality) to what happens with students in the case of cognitive unity of theorems.

In the years 1978-1980, I was involved in a collaboration with a team of researchers of the Genoa
Research Institute on Cancer (IST). They were dealing (inside an international collaboration) with
the problem of the growing number of chemical products, and the related increasing risk of diffusion
of mutagenic substances, to find suitable tests to detect carcinogenicity of new substances. In vivo
experiments demanded too much money and time, and also involved ethical issues concerning
animals. Thus in vitro tests had already been designed, but their effectiveness was still unclear. What
follows was derived in these weeks by reading a lot of notes taken by me during each meeting, and
my related post- meeting comments.

A lot of information had to be collected (results and hypotheses from previous studies to be identified,
checked —ER- and purposefully selected-TR), new exploratory studies had to be planned - TR, etc).
Thanks to the precious suggestion of the IST director, prof. Santi, and the guidance of the team leader
for this research, prof. Parodi, I could gradually appreciate the meanings of the subsequent
experiments and how some obstacles were identified and overcome.

Previous experimental strategies were analysed and adopted or abandoned according to evidence of
effectiveness and the search for the reasons why they had been effective (or not) (a case of TR).
Literature was read again in a careful way, to select the most useful results and reject other results
(TR, through a careful ER check based on theoretical and pragmatic criteria, and comparisons).

When the exploration was near to the end with several data and hypotheses at our disposal, the phase
of construction (TR) of the result (a comparison of in vitro and in vivo tests concerning
carcinogenicity, including also the proof of the limitations (ER) of a widely diffused in vitro test
(Ames’ test) in comparison with the chosen in vivo test, started. Also, the correlations between the
in-vitro tests were investigated. The work was made according to standard templates, particularly for
the validation of the hypotheses through the choice (TR) of suitable (ER, TR) statistical methods of
elaboration of data, in the perspective of the diffusion through a paper published in an international
journal (CR) of the (hopefully, useful) results. In that phase arguments produced in the exploratory
phase were carefully checked and selected (ER); cogently argued conclusions were derived through
factually based inferences (ER, TR). We may consider this like an instance of cognitive unity.

In this last phase of the research, I felt myself lost and frustrated, even if I was realizing that an
important result was near to be achieved: despite the help of the leader of the team, I had difficulties
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to connect (TR) the partial results got in more than one year of team work to the conclusions
synthesized in the Abstract of the paper, which reported the main results of the performed research:

21 compounds from different chemical classes were quantitatively compared for their
carcinogenic potency according to 4 parameters: (1) potency in inducing covalent binding with
DNA in vivo; (2) potency in inducing alkaline DNA fragmentation after treatment in vivo; (3)
acute toxicity; (4) mutagenic potency in the Ames test. (...) A statistical analysis of the data
suggested that all parameters considered were correlated with carcinogenic potency. However,
we found that there are about 3 chances to 1 that carcinogenicity is better correlated with DNA
covalent binding in vivo than it is to mutagenicity in the Ames test. With due precautions, even
acute toxicity could be of predictive value. DNA adducts and DNA fragmentation, both in vivo,
appeared to be 2 parameters strongly correlated between them. From a multivariate statistical
analysis, it appeared that: (1) a significant improvement of quantitative predictability is in
principle obtainable with a battery of short-term test; and (2) the improvement is obtainable only
if the short-term tests considered, while all correlated with carcinogenicity, are relatively
independent amongst themselves (retrieved from Parodi, Taningher, Boero & Santi, 1982, p. 1)

In the reality, I was not prepared to do it: like it frequently happens with students for theorems, and
happened in Physics (see above), 1 took part in the exploratory phases without engaging in the mastery
of the whole plan; particularly, local strategies to achieve partial results were not connected by me to
the whole strategy to get an answer to the research question. For me, TR had a very limited scope in
each partial investigation, with a prevailing attention paid to ER local checks. Therefore, I contributed
to the final results concerning correlation of in-vitro tests by offering statistical tools for those partial
conclusions, without linking them with the whole sense of the reported research. By re-reading the
paper and, particularly, the above Abstract, I may identify now, in the rationality perspective, one
deep difference between what means to move from the process to the product (TR) in the case of
cognitive unity of theorems, and in the case of a biomedical research like the above one. In this case,
the final text (CR) does not validate a statement structured according to an “if... then...” implication,
but it is a complex text in which comparisons, limitations for the validity of partial results (ER),
references to the exploration strategies (TR) are important components (together with specific results
from ad-hoc experiments). We may conclude that an analysis in terms of rationality components puts
into evidence salient, common aspects for the processes (and their components), as we have seen in
the description of the whole research; while the construction of the result needs different strategies to
achieve it (TR) under ER checks, resulting in different kinds of scientific communication (CR).

Semiotic aspects of rational practices in different disciplinary domains

Beyond obvious CR requirements, difficulties inherent in the use of different semiotic resources
strongly affect rational practices within different domain of Mathematics and when Mathematics is
used as a tool in other disciplines, and in scientific inquiry outside mathematics (O’Halloran, 2023).
Within Mathematics, an epistemological reflection is particularly needed about the meaning of
diagrams (including geometric figures in Euclidean Geometry, Cartesian graphs in Calculus and in
school Physics, graphs in Homological Algebra). They intervene in different ways in rational
practices. In this section we will consider, among others, some semiotic aspects of previous situations.
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Diagrams in Euclidean Geometry and in Calculus

In the case of Euclidean Geometry, the nature of geometric concepts as “figural concepts” (Fischbein,
1993) results in a rather complex role of geometric figures in conjecturing and proving: on one side,
they may be considered as components of the mathematical object at stake (isosceles triangle, angle,
etc.); on the other side, they are only representative instances of it, with possible resulting pitfalls, in
the case of lacking ER control, and delicate issues concerning the epistemic value (ER) of visual
evidence, as we have seen in the case of the problem of the triangle circumscribed to a circle.

In Calculus, Cartesian graphs of real functions only play a heuristic role (TR) in conjecturing and
proving by considering the statement to be validated or the conjecture to be produced under a question
like “Under which condition on ... it is true that...?”. Moreover, when a partial step of reasoning
needs to be checked (ER), Cartesian graphs may help to find counterexamples. However, their use
may also result in important mistakes (when graphic instances of general properties are used to
validate inferences). All this depends on the nature of Cartesian graphs in Calculus, as representations
of instances of general mathematical objects. The necessary intertwining of ER and TR requirements
may suggest the ways of putting this aspect of Cartesian graphs on the fore in the teaching of Calculus,
and the opportunity of considering it in the analysis of students’ conjecturing and proving.

Cartesian graphs in school Physics: the case of falling bodies

Cartesian graphs (and algebraic formulas that may be associated to them) may play important CR and
TR roles in the representation of phenomena in different disciplines, but we have seen (in the case of
school Physics) how it may be difficult to establish a connection between the evolution of a
phenomenon and its immediate visual representations, on one side, and graphs and formulas, on the
other. In the teaching experiment on the falling bodies, the representation of the positions of the
marble at equal distances of time resulted in a deadlock for students. The visual static representation
of the phenomenon, and even the list of the real measures of the distances, were sufficient to suggest
an increase of the speed, but not a constant increase. Thus, the experimental epistemic checking (ER)
brought to invalidate the hypothesis of constant speed in the case of the marble, but the chosen visual
representation failed as a strategic resource to get a conclusion (TR) about the /aws of falling bodies
in the case of the marble, and also in the case of the ventral feather, both as concerns the speeds and
the travelled heights. This point is relevant as concerns educational choices to deal with linear growth,
quadratic growth and the related representations. Like in the case of the Algerian class and the Italian
class involved in the experiments, several teachers in different countries introduce y=ax, y=ax+b and
y=cx? and their representations in the Cartesian plane without connecting them with, e.g., the idea of
equal increases of y depending on equal increases of x, and with the problems of deriving an
approximate estimation of a (or @ and b, or c) or imagining the related Cartesian graphs from a list of
numerical data. Moreover, no reflection about these issues is usually promoted.

Diagrams in Homological Algebra

Homological algebra was the subject of an attended course, of my thesis in Mathematics and of my
first published papers. I remember my difficulties to deal with graphs in category theory and its
applications. Even in the occasion of the study of this paper, I had difficulties to deal with them to
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reconstruct my conjecturing and proving activities, particularly concerning the transition from the
exploration phases to proof construction (according to the retrieved draft diagrams and formulas).

TEOREMA 1: sia C categoria logica; supponi che il
diagramma:

A2-B 2, (

P
A _ﬂ'_)B: _"I__’ o

sia commutativo, che le righe siano E-sequenze ¢ che a e ¢ siano
isomorfismi. Allora b é isomorfismo.

Verifichiamo che b & monomorfismo: se K ed i sono rispetti-
vamente il primo oggetto e la prima mappa di una rappresenta-
zione di b, bi = O onde n'bi = O = ¢ni, ed allora ni = O es-
sendo ¢ isomorfismo; ne viene che esiste una mappa d in Map (K,
A) con i =md, e d & pertanto monomorfismo; osservando poi
che O = bi = m'ad, poiché m'a & monomorfismo posso con-
cludere che d = O, il che significa K = 0.

Analogamente si prova che b & epimorfismo.

Fig.2: A theorem retrieved from Boero (1965, p. 270)

Graphs play a crucial role in category theory as components of the mathematical objects, not as
possible representations of something else; but, differently from the case of geometric figures, their
management (interpretation and combination of arrows) is strictly intertwined with a specific
symbolic language (an instance of algebraic language). Diagrammatic thinking is strictly intertwined
with symbolic reasoning, under the control of verbal language for the orientation and the evaluation
of the activity. In this case it is useful to consider how the interplay between symbols and arrows
intervenes in epistemic checking (ER) and in strategic choices to attain a particular or global goal of
the activity (TR): correct “vertical” and ‘“horizontal” composition of arrows must be checked (ER)
by reference to their meanings represented in the symbolic system, while (for instance) the idea of a
new connection between two diagrams, emerging from familiarity with their “shapes” and their
meanings, may be an important ingredient for productive exploration (TR) in a proving process.
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The validation of scientific knowledge is at the heart of each scientific discipline, characterising its
epistemology and the ontology of its objects. In this study, we discuss how the scientific knowledge is
secured in the institutional discourse of the school textbooks of Algebra and Physics of the first grade
of upper secondary school in Greece. The findings indicate that, in Mathematics, proof is presented
predominantly as a product rather than as a process, limiting students’ engagement with diverse
apodeictic methods and confounding the distinction between proof and provability. In Physics,
references to proof function in most cases as prompts for the formalistic reproduction of accepted
explanations. The systemic, interdisciplinary perspective reveals how textbooks shape institutional
epistemologies of validation, with significant implications for Mathematics and science education.

Keywords: Proof, Algebra, Physics, textbooks, interdisciplinarity, systemic approach.
Setting the scene

Argumentation is a central component of Mathematics and Physics (Jiménez-Aleixandre & Erduran,
2007; Umland & Sriraman, 2020). Research on argumentation in mathematics education and in
science education has developed largely in parallel, with few studies investigating argumentation
across disciplinary boundaries (Kartika et al., 2021). This compartmentalisation has obscured both
the convergences and the divergences of argumentative standards in each discipline, also delimiting
investigation into students’ experiences within the same institutional setting. In this paper, we discuss
‘proof” as a means through which knowledge is constituted as acceptable in Mathematics and Physics.
‘Proof’ in Physics diverges from mathematical proof in that it is often grounded in empirical data and
connected to models and approximations, while still sharing with mathematical proof a concern for
logical coherence, argumentation, and the validation of claims. We employ an interdisciplinary,
systemic communicational approach (Moutsios-Rentzos, 2024). The systemic perspective (Davis &
Simmt, 2003; Wittmann, 2001) has gained increasing recognition in educational research, with
Jacobson et al. (2019) establishing that education as a complex system requires analytical tools
sensitive to emergent, non-linear, system-level phenomena that cannot be reduced to the sum of
individual-level variables. The school is conceptualised as a communicational system in which
meanings are co-constructed through the interaction of multiple roles/discourses (teachers, students,
textbooks, curriculum documents) across different disciplinary contexts. The school unit functions as
a learning organisation with members of diverse roles, relationships, and intentionalities that
transform and are transformed by the organisation itself (Moutsios-Rentzos & Kalavasis, 2016).
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The school textbook embodies the institutional discourse that transcends classrooms and schools.
Mathematics textbooks communicate the institutional discourse about what students are expected to
perceive as officially acceptable proof (Bieda, 2010). Science textbooks often present science as a
body of complete and unquestionable truths rather than as a dynamic process, which may contribute
to students’ difficulties in constructing scientific explanations (Lemke, 1990). When a mathematical
notation appears or a mathematical procedure is employed in both disciplines, its epistemic function
and meaning may differ (Karam, 2022; Moutsios-Rentzos et al., 2020; Redish & Kuo, 2015).

Moreover, the mathematics textbook constitutes a hegemonic discourse that actively shapes what is
considered as acceptable scientific reasoning within the school institution (Moutsios-Rentzos &
Pitsili-Chatzi, 2015): (a) what constitutes an acceptable proof or justification in each discipline, (b)
who position themselves as capable of producing proofs, and (c) the epistemological status of the
knowledge claims themselves. Moreover, the language of science is regarded as a specialised
linguistic system with its own structures, functions, and semantic conventions (Brown et al., 2005).
The analysis of school discourse examines technical terms, structures of justification, links between
observation and theory, and the cognitive demands of verbal instructions. The linguistic choices
embedded in a textbook (e.g., prove, justify, explain, show) may serve as institutional markers of
acceptable scientific practice and determine the cognitive and communicational expectations placed
upon learners. Furthermore, the language of physics textbooks plays a decisive role in teaching
concepts that require precise use of terms, such as force, energy, velocity, acceleration, and field
(Brown et al., 2005). The Physics textbook communicates the official institutional discourse of
scientific practice (Lemke, 1990), transforming scientific activities into verbal and visual
representations intended for teaching. Mathematical and scientific practices are especially rich (De
Villiers, 1990; McNeill & Krajcik, 2009; Osborne, 2014), but in school students often encounter
Mathematics in forms that reduce proof primarily to verification. Consequently, how textbooks
present causes, relationships, and explanations directly affects students’ ability to grasp fundamental
concepts in Physics and Mathematics. For this reason, terms such as prove, justify, explain, and show
serve as indicators of the scientific practices the textbook prioritises and as determinants of the form
of the learning activity. It is noted that these findings concern the textbook’s potential instructional
message rather than students’ actual learning experiences (Remillard, 2005).

In the Greek educational context, where the 'same-textbook-per-course' rule still applies across all
schools, the textbook function carries particular significance as it materialises the institutional
discourse of the Ministry of Education, effectively embodying the official epistemology of validation
that students encounter. Considering Mathematics, the first grade of upper-secondary school
(‘Lykeio’) in Greece is when the students are introduced to the notion of proof as a logico-deductively
based process and product, and different approaches to proof (e.g., direct proof, reductio ad absurdum,
mathematical induction etc.). It should be noted that Algebra and Geometry in that grade constitute
for the first time in the Greek educational system two different courses with different textbooks. In
this study, we consider Algebra and the respective textbook. At the same grade, students in Physics
encounter for the first time secondary-level scientific knowledge presented in a structured and
theoretically articulated form. This grade essentially marks the beginning of students’ trajectory
toward scientific literacy. The students are required to move from a descriptive understanding of



phenomena to a more analytical and conceptual approach to science, in which laws, models, and
theoretical structures play a central role in explaining physical reality (Psillos & Niedderer, 2002).
This transition presupposes more profound familiarity with processes of how scientific knowledge is
produced, justified, and validated. During this transition, students often struggle to understand the
relationship between theory and empirical data, as well as how the laws of Physics function as
explanatory mechanisms (Duschl, 2008; Duschl & Grandy, 2013).

A semiotic system has been introduced (Moutsios-Rentzos et al., 2019) to investigate
interdisciplinary interactions in textbooks: the communicational triad epistemic object-interpreter-
sign. The sign includes the diverse means of signification employed within a communication, while
the interpreters are the roles that the individuals assume within the communicational system. The
epistemic objects refer to the situated normative construction of an institutionally acceptable scientific
object, as conceptualised by the interpreter within the given communicative situation. Meaning
emerges through the complexity of the communicational interactions. This approach acknowledges
that the same sign (e.g., the word “prove”) may carry different meanings and functions depending on
whether it appears in a Mathematics textbook or a Physics textbook, when the same individual (the
students) experiences it through a different role (a Physics or a Mathematics student; cf. Redish &
Kuo, 2015). While cognitive and linguistic accounts locate the source of such divergence in student
cognition or in individual disciplinary enculturation, the systemic communicational approach
focusses on the divergences in the systemic intentional interrelationships. Thus, our approach shares
views, but is also distinguishable from alternative interdisciplinary perspectives; for example, studies
focussing on disciplinary identities in the mathematics—physics interface (Satanassi et al., 2023) or
on boundary disciplinary crossing mechanisms (Akkerman & Bakker, 2011). Notably, the systemic
communicational approach examines the intra-institutional situation: how a single educational
protagonist simultaneously inhabits different communicational roles within the same school system,
and how this generates structurally, potentially, conflicting epistemologies of validation.

Following these, in this paper, we build upon findings from a previous study (Moutsios-Rentzos &
Pitsili-Chatzi, 2015) and the abovementioned communicational approach to investigate the way that
the institutional discourse of the textbook communicates the notion of ‘proof” in Algebra and in
Physics, along with the divergences and the convergences of the conceptualisation of proof as
communicated in the two courses. Thus, we attempt to identify aspects of proof that appear to
transcend the two courses, forming an interdisciplinary area, as well as uni-disciplinary aspects of
proof that reveal the distinctive epistemological characteristics of each discipline.

Proof in the Algebra textbook in Greece

In the previous study (Moutsios-Rentzos & Pitsili-Chatzi, 2015), we analysed how mathematical
proof is conceptualised and presented in the officially approved Greek Algebra and Probability
textbook (Andreadakis et al., 2014) for first-year upper secondary school (Grade 10), combining
systemic theory and discourse theory to examine both the formal structures of proof and the ways the
textbook’s discourse shapes students’ identities as doers of Mathematics. The analysis focused on the
symbolic—normative discourse mandated for classrooms, differentiating theorems, accompanying
comments, and exercises. For theorems, every general statement (theorem, proposition, corollary)



whose truth the textbook asserts was coded as a unit; each was classified according to whether it is
proved in the book and, if so, by what method. Proof methods and exercises were classified through
a typology that drew upon Hanna and de Bruyn (1999). Accompanying comments were analysed
employing a Foucauldian discourse-analytic framework (Doxiadis, 2008). It is noted that the Algebra
textbook includes an explicit subsection titled "Methods of Proof," introducing formal categories such
as direct proof, indirect proof (proof by contradiction), and proof by counterexample.

The analysis identified 128 theorems; only 37% of them are accompanied by proofs. Among the
theorems whose proofs are present, 58% are explicitly labelled or discursively framed as proofs.
Thus, only 21% of the theorems are both proved and explicitly named as such. About one third of all
theorems (32%) are both proved in the book and proposed for teaching. These patterns indicate that
the textbook does not treat teaching a theorem’s proof as a prerequisite for teaching the theorem, and
that the theorem statement is positioned as more important than its justification. Regarding proof
types, 72% are basic direct proofs, 15% are direct proofs with analysis, 4% are proofs by
contradiction, 4% are proofs by counterexample, and 4% combine multiple methods. Proofs by
counterexample are never explicitly named as proofs, and there is no instance of proving by
mathematical induction in the examined content. Almost all proofs are presented as final products; in
96% of cases no “pre-proof” activity (e.g., exploration, conjecturing) precedes the proof, and when
present such precursors are limited to brief illustrative examples. For unproved theorems, 77% are
presented without any supporting empirical or deductive arguments; when support is given, it consists
almost exclusively of single numerical examples, sometimes accompanied by schematic figures.

Analysis of comments yielded five recurring categories plus a ‘no comment’ category. ‘No comment’
is offered in 10% of unproved and 19% of proved theorems, communicating them as decontextualised
products whose validity is grounded solely in their presence in the textbook. Comments indicating
that a theorem is “already known” from lower secondary school were found in 21% of unproved
theorems, framing truth as guaranteed by prior schooling rather than by current reasoning. Another
category, representing around 9% of comments, explicitly notes the absence or partial nature of proofs
(e.g., indicating that a result is proved only in special cases or that a proof exists but is omitted;
typically for results considered technically difficult). Thus, implicitly, the world of research
Mathematics (where theorems are generated and proved) is separated from school Mathematics
(where they are used). Comments of “obviousness” and “immediate derivation” (e.g., “it is easy to
see that”) appear in roughly a third of the proved and unproved theorems, invoking an unspecified
common sense, which potentially excludes students who do not perceive the stated relationships as
self-evident. Two comment categories are directly performative: comments that assert the validity of
the theorem (e.g., “it holds that...”) and comments that frame the act of proving (e.g., “we will show
that”). The former confers theorem status and legitimacy without invoking proof, while the latter
constitutes a narrow image of what counts as a proving argument, thus positioning students as
potential producers only of certain standardised forms of proof. Overall, comments reinforce a view
of theorems as given truths whose authority is anchored in textbooks and in canonical proofs.

Out of 642 exercises (across easier “Group A” and more demanding “Group B”), only 71 questions
(11%) are proof problems, indicating that constructing proofs is a marginal component of the intended
student mathematical activity. Proof questions are highly concentrated in Group B: 21% of Group B

45



items versus only 7% in Group A. This distribution implies that proof is conceptualised as advanced
work appropriate mainly for higher-achieving students, reinforcing achievement-based hierarchies
noted in other systems (Davis, 2013; Nordstrom & Lofwall, 2005). Within the proof questions, 75%
require basic direct proofs, 21% direct proofs with analysis, 3% proofs by contradiction, and only 1%
ask students to find an error in a given proof; no exercise requests a proof by counterexample.
Consequently, students’ experience of proving is both infrequent and methodologically impoverished
compared to the richness of proof practices in Mathematics (Weber, 2005).

Following these, the Algebra textbook constructs proof primarily as a syntactic product, providing
limited and highly standardised opportunities for students to engage in core practices such as
conjecturing, pattern recognition, or critiquing arguments (Davis, 2013; Stylianides & Silver, 2004).
The dominance of basic direct proofs, the near absence of pre-proof activity, and the frequent
omission or de-emphasis of proofs for theorems collectively convey a vision of proof that is non-
representative of mathematical practice, obscuring functions of proof beyond verification (de Villiers,
1990). The asymmetrical allocation of proof tasks between easier and harder exercise groups enacts
a dividing practice through which only “successful” students are invited into proving (Nordstrom &
Lofwall, 2005; Otten et al., 2011). Such hegemonic textbook discourse shapes a symbolic—normative
construction of school proof, constraining students’ pragmatic representations and desired actions
through a misalignment between “Mathematics as a science” and “Mathematics as a school subject.”

Proof in the Physics textbook in Greece

For the purposes of this paper, we adopted a content analysis design. The occurrences of specific
linguistic indicators (prove, justify, explain, and show) —chosen based on relevant literature in physics
and mathematics; treated here as heuristic entry points to the textbook discourse rather than as
exhaustive markers of scientific argumentation— and their derivatives were identified. Each
occurrence was recorded as a single unit. The analysed text comprises the Physics textbook for Grade
10. The sentence or paragraph containing each indicator was recorded for qualitative interpretation;
for explain, explanatory phrases were also included. The analysis was conducted at the lexical level
(frequencies) and at the epistemological level (links to scientific practices).

Overall, 57 occurrences of the chosen indicators and their derivatives were identified. Prove and its
derivatives appear 13 times (23%), referring to: a) the derivation of mathematical relationships, such
as: “Graphically represent the velocity—time relationship in uniformly decelerated linear motion.
From the graph, prove relation 1.1.11” (Vlachos et al., 2014, p. 56), b) the proof of a theorem, such
as Oresme’s theorem, c) to other proofs without providing them, e.g., “It is said that Boyle (Robert
Boyle, 1627-1691) proved this experimentally shortly after Galileo’s death” (Vlachos et al., 2014, p.
90). Justify and its derivatives appear 18 times (32%). In almost all cases, this term could be replaced
by ‘prove’ without altering the meaning. For example: “Justify your answer” (Vlachos et al., 2014,
p. 64) or “Justify the correctness of the statements” (Vlachos et al., 2014, p. 102). In one instance,
justification seems to emerge from experimental data rather than purely logical reasoning: “In
contrast to Aristotle, who based his conclusions solely on logical reasoning, Galileo arrived at them
based on experimental data, detailed observations, and logical justifications” (Vlachos et al., 2014, p.
93). Explain and its derivatives appear 21 times (37%), making it the most frequently occurring term
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among those studied: “In class, a student simultaneously drops a sheet of paper and a pencil from the
same height. The pencil will reach the floor faster. What explanation can you give for this
phenomenon?” (Vlachos et al., 2014, p. 101); “Using a simple experiment, explain how we conclude
that an increase in the temperature of a gas results in an increase in the velocities of its molecules”
(Vlachos et al., 2014, p. 227). Show and its derivatives appear only 5 times (9%) throughout the
textbook. References using this term could often be substituted with ‘prove’, for example:
“Experiments conducted showed that gravitational and inertial mass are equal” (Vlachos et al., 2014,
p. 88). By grouping justify, show and prove together, they amount to 63% (n=36), with the remaining
37% (n=21) for explain. They reflect respectively empirical justification and the attribution of
meaning within the corresponding conceptual domains. Hence, there is a dominance of empirical-
justification terms over meaning-attribution terms. Furthermore, empirical justification mostly
appears as a rhetorical confirmation of already accepted knowledge, while explanations primarily
function as comprehension checks rather than as a space for inquiry.

Hence, the textbook’s conception of proof does not correspond to scientific “proof” in Physics. Proof
is reduced to verbal verification of concepts, reference to taught laws, and the reproduction of causal
reasoning without empirical validation. The near absence of references to physical events indicates
that proof is treated more as a teaching assessment tool than as a scientific practice. Students are
expected to explain and interpret concepts that have already been presented to them and to justify
choices, but usually within predetermined frameworks. Rarely are they asked to demonstrate through
empirical data, nor to describe or interpret natural phenomena based on observation. In this way,
students are positioned as recipients and reproducers of scientific discourse rather than as active
participants in the knowledge production process. These align with research in science education,
which has highlighted that textbooks prioritise conceptual transmission over inquiry-based learning
(Lemke, 1990; Duschl, 2008), limit students’ participation in scientific practices (Osborne, 2014),
and employ linguistic forms that obscure the knowledge-production process (Brown et al., 2005).

The presence of proof indicators in context reveals a pedagogical logic that treats Physics knowledge
primarily as a system of concepts to be understood. This emphasis aligns with a transmissive teaching
model, in which the student’s role is to internalise and reproduce interpretations already established
by the scientific community (Scott et al., 2011). Within this framework, explanation functions as a
mechanism for confirming understanding, a tool for evaluating the uptake of theory, and a means of
transitioning from macroscopic description to theoretical representation. However, as Lemke (1990)
notes, when explanation is disconnected from empirical inquiry, there is a risk that science is
presented as an abstract linguistic construct, detached from the practices that underpin it. Through
proof indicators, the textbook seeks to cultivate elements of critical thinking, but only within strictly
defined boundaries. Students are asked to justify choices or outcomes. However, these justifications
rely almost exclusively on pre-given laws. Alternative hypotheses are rarely compared, and
evaluations are not empirically verified. This pattern aligns with Kuhn’s (1993) distinction between
“everyday reasoning” and ‘“scientific argumentation.” In the school context, reasoning primarily
serves to validate the authority of theory rather than to construct knowledge. Overall, the findings
indicate that the textbook constructs Physics as a body of stable knowledge, a system of concepts that
are explained and justified, and as a science with limited need for empirical confirmation. Language
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functions here as a mechanism for establishing scientific authority (Lemke, 1990), positioning
students as recipients rather than co-creators of knowledge.

In summary, the findings reveal a tension between contemporary goals of science education and the
textbook’s linguistic and epistemological organization. Physics is presented mainly as a system of
fixed concepts and laws, limiting students’ engagement with data, justification, and empirical inquiry.
As a result, proof is treated as a verbal requirement rather than a scientific process, reducing
opportunities for critical engagement and the development of scientific argumentation skills.

Proof in Algebra and Physics: concluding remarks

This paper examined how Algebra and Physics textbooks construct proof and scientific validation.
We built on findings from a previous study of the Algebra textbook and we employed a
communicational, systemic approach to textbook analysis in Physics, putting mathematical proof at
the centre of our intra-/inter-disciplinary investigations. At an intradisciplinary level, in Algebra,
proof is presented as theoretically multifaceted, but in practice is largely limited to direct proofs,
creating an epistemological inconsistency and emphasizing verification over explanation or
discovery. In Physics, proof is reduced to verbal explanation and justification, with limited emphasis
on empirical inquiry and argumentation. The findings suggest that the concept of proof in both
subjects requires reframing toward students’ active engagement in authentic disciplinary practices.

At an interdisciplinary level, both courses appear to limit students’ active engagement in justification,
emphasizing already-established claims and positioning students mainly as recipients of knowledge.
Even when opportunities for engagement exist, they tend to be ability-based and reserved for higher-
achieving students. The notion of proof is epistemologically differentiated across the two subjects.
Algebra explicitly conceptualises proof, introducing proof methods as objects of study, whereas
Physics treats proof implicitly, emphasising empirical grounding and conceptual interpretation rather
than formal definition. The textbooks also differ in the epistemological space they afford students:
Algebra confines them to predetermined proof methods, while Physics restricts them to
predetermined conceptual frameworks. Mathematics grounds validity in logical necessity, whereas
Physics grounds it in empirical adequacy and theoretical coherence. The comparative analysis
suggests that in both subjects the concept of proof needs reframing, so that it functions as a central
practice through which students engage in authentic disciplinary thinking and develop critical
reasoning. No explicit instances were identified in which one textbook directly referred to the
validation standards of the other discipline; thus, the relationship between the two appears less as an
explicit dialogue and more as a coexistence of partially disconnected institutional epistemologies.

From the perspective of teacher education and classroom practice, these findings suggest that teachers
may need to mediate more explicitly the criteria through which knowledge is validated in each
discipline. In Mathematics, this may involve reopening textbook proofs as processes of conjecturing,
justification, and critique rather than treating them only as finished products. In Physics, it may
involve making visible the relationship between explanation, empirical evidence, and theoretical
modelling, so that justification is not reduced to the reproduction of accepted formulations. More
broadly, teachers could invite students to compare what counts as an acceptable argument in
Mathematics and in Physics, thereby treating disciplinary differences in validation not as obstacles,



but as objects of reflection and learning. Overall, an interdisciplinary perspective reveals that
Mathematics and Physics rely on different epistemologies of validation, but they share pedagogical
limitations in engaging students with ‘proof’. Thus, research should address both discipline-specific
and interdisciplinary levels, enabling meaningful connections within and across disciplines.
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Education for Sustainable Development (ESD) brings new and potentially interdisciplinary
opportunities for argumentation to the mathematics classroom. In particular, the big ideas of
argumentation and modelling have intertwined roles related to ESD and many sustainability topics:
For enabling students to participate in democratic discourses on sustainability-related topics,
competences in argumentation are often needed in combination with modelling competences, as
claims and arguments in the discourse often refer to models. Therefore, there is a need of examining
the intertwined relationship of modelling and argumentation both for task design and theory
development (exploring the epistemic structure and related consequences for learning opportunities).
This paper addresses this need, by drawing on a scientific reasoning perspective, and showcasing
the intertwined roles of modelling and argumentation through ESD-related task examples.

Keywords: Education for Sustainable Development, argumentation, modelling, scientific reasoning,
task design.

Introduction

For the survival of our civilisation on our planet, decision-making related to a variety of
sustainability-related topics is necessary — students in democratic societies should be able to
participate responsibly in related democratic discourses. Students’ engagement in such discourses
requires them to enact argumentation competences — in particular, argumentation in fact-based ways.
Within sustainability-related topics, however, mathematical models and features of mathematical
modelling often play a role. Modelling results might lead to arguments in the discourse, but arguments
and claims from discourses may also call for further mathematical modelling, e.g., for justifying
whether an argument related to climate change has to be rejected based on data (e.g., Kuntze et al.,
2025) or whether an argument related to an environmental compensation measure is in line with
sustainability requirements. In the ESD area, argumentation and modelling hence can play
intertwined roles. Yet, argumentation and modelling are often considered separately, e.g. in standards
(e.g., NCTM, 2000). Consequently, for theory development in mathematics education, for task design
and for providing learners with specific metacognitive support, the intertwined roles of modelling
and argumentation in the ESD sphere need exploration. Corresponding to these needs, this paper uses
a scientific reasoning perspective to describe how argumentation and modelling interact related to
sustainability topics. Argumentation is conceptualised primarily as an epistemic practice centred on
the coordination of claims and evidence; references to competence and classroom discourse indicate
implications of this lens rather than separate parallel frameworks. We will exemplify the intertwined
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roles of argumentation and modelling in tasks which are discussed related to their learning potentials.
In the following, we will first introduce to the theoretical background and identify conceptual research
needs. Responding to these needs, a framework for dealing with the intertwined roles of modelling
and argumentation in the ESD sphere will be presented together with sample tasks. The results will
be summarised in a concluding section.

Theoretical background

Education for Sustainable Development (ESD) focuses on a variety of sub-components and topics,
which all are related to ways of using resources in sustainable ways and corresponding practices
(UNESCO, 2020). Learning goals related to ESD include building up competences to act responsibly
in knowledge-based ways (UNESCO, 2020). Yet, current public and economic structures, as well as
consumer behaviours, for instance, are far from sustainable (e.g., climate-protecting) practices.
Necessary decision-making processes in the society are thus in need of informed citizens who can
participate responsibly in the corresponding discourses by bringing in and evaluating arguments in
fact-based ways. Mathematics is a truth-seeking argumentation discipline, also beyond formal proof
(e.g., Heintz, 2000): For the mathematics classroom, this means that students can and should be
strengthened both in argumentation with respect to these needs, and in competences such as
modelling and dealing with data, which are also necessary for argumentative discourse participation
(Odmo et al., 2023; Coles, 2023; Kuntze & Krummenauer, 2025). For strengthening the contribution
of the mathematics classroom in this context, conceptual clarification is needed, in particular
concerning the interplay between argumentation and modelling.

A key element of argumentation is to “convince others that a statement is true or false” (Stylianides,
etal., 2016, p. 316). Knowledge about the structure of arguments can hence be useful for developing
convincing arguments — this holds for discourse participation in sustainability-related contexts as
well. Compared to argumentation situations such as mathematical proving (e.g. Hanna, 2000; Boero,
1999), sustainability-related argumentation differs epistemologically, as in this topic field, a mainly
empirical approach with reference to real-world contexts is in the focus. Still, also elements of
mathematics are frequently used and the argumentation rarely concentrates on the non-mathematical
real-world context only, given the complexity of most sustainability-related topics. As a consequence,
mathematical modelling (Blum et al., 2007; Blomhej & Jensen, 2003) often plays a role, e.g., when
describing developments through functions, when gathering and analysing data, when estimating
quantities, for instance. The well-known modelling cycle (Blomhgj & Jensen, 2003) describes the
interplay between the spheres of mathematics and the “rest of the world” (Blum & Leif3, 2005).
Depending on the choice of the model (including statistical models when dealing with data) and
depending on modelling assumptions, also model-based arguments may differ. Moreover, and
conversely, the choice of the model and modelling assumptions can become objects of argumentation.

These considerations point to a need of examining closer the intertwined roles of argumentation and
modelling in the ESD context. Argumentation and modelling are among the key components of
mathematical competence also according to competence frameworks and national standards for
education (e.g., NCTM, 2000), so the ways argumentation and modelling interact merit closer
attention, both on the theoretical level, and on the level of specific tasks (i.e., in task design).
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Understanding theoretically how these competencies interact will support the development of future
empirical research examining the intertwined roles of argumentation and modelling when working
on sustainability-related topics in the mathematics classroom.

Research and development interest

Against the background of the need of exploring the intertwined roles of argumentation and modelling
in sustainability-related topics, we will focus on the following research and development questions:

(1) How can the intertwined roles of argumentation and modelling in sustainability-related topics be
described theoretically?

(2) How can specific tasks help to showcase specific features of the interplay between argumentation
and modelling in sustainability-related topics?

A scientific reasoning perspective on the intertwined roles of argumentation and
modelling in sustainability-related topics

For the epistemic structure of argumentation with relevance for contexts in the “rest of the world”
(Blum & Leiss, 2005), a scientific reasoning perspective (e.g., Kuhn, 1989; 2010; Koerber et al.,
2005; Zimmerman, 2007; Sodian et al., 1991; Bullock & Ziegler, 1994) is particularly useful: The
core element of scientific reasoning is the coordination of theory/hypotheses on the one hand and
evidence on the other hand: In case of counter-evidence, the theory resp. a hypothesis under
examination has to be rejected. This means in particular that an argument can be generated in this
case: The counter-evidence can be used to support the refutation of the theory/hypothesis
argumentatively (cf. Toulmin, 2003). If, for example, an oil company claims that for a (low)
additional price, the CO2 emissions of the fuel sold by the company will be compensated, then this
claim plays the role of theory, and it can be rejected based on counter-evidence from a calculation
which models that the amount of money from the additional price is by far non-sufficient for financing
forest planting and protection measures necessary for CO2 compensation (Kuntze et al., 2026). For
argumentation, we hence adopt an integrated view: while the focus is on the epistemic structure
(coordination of hypotheses and evidence), this is inherently embedded in discursive practices and
classroom norms, as scientific reasoning in ESD contexts requires a society-related evaluation of
evidence. Among the advantages of the scientific reasoning perspective is the reliable body of
research into scientific reasoning. For instance, limitations in scientific reasoning have been
identified: observations that learners tend to seek only conforming evidence for a given hypothesis
and even modify the evidence through alternative interpretations so as to make it fit to the hypothesis
(e.g., Tschirigi, 1980; Dunbar & Klahr, 2012) can be seen as examples of such limitations.

In the case of sustainability-related topics, evidence can come from the fact base of the corresponding
topic (see Fig. 1), the latter notion being multifaceted in the sense that the fact base can consist of
different components, such as established knowledge about the context (e.g., cars consume fuel),
direct observation or experiments (e.g., counting cars at a crossroad), relevant available data (e.g.,
data about worldwide fuel consumption), and knowledge from science (e.g., results from studies on
oil pollution in rivers close to drilling areas), in particular. As sources might have a selective scope,



also the use of the fact base should be subjected to critical revision (see related arrows in Fig. 1) in
the sense of scientific reasoning (e.g., using the strategy of actively seeking for counter-evidence).

Mathematical knowledge can be used to generate evidence from the fact base, in most cases through
mathematical modelling (e.g., Blomhgj & Jensen, 2003). Even reading data from a diagram in order
to find out about a context in the “rest of the world” constitutes an elementary use of a mathematical
model, in that quantities are represented on an axis and their comparison draws on the mathematical
concept of a relation (etc.) and mathematical results are interpreted back to the “rest-of-the-world”
context. Interpreting means or information about spread for the real-world context also corresponds
to a modelling activity in this sense (Kuntze et al., 2008).

This means in particular that modelling activities can be seen as an intermediary step in data-based
argumentation (e.g., Krummenauer & Kuntze, 2018, 2021, accepted; Krummenauer et al., 2022),
which is a kind of argumentation based on statistical data, and which has been described theoretically
through a scientific reasoning perspective as well (Krummenauer & Kuntze, 2018). The
implementation of ESD in the mathematics classroom can be an opportunity to highlight the
modelling elements within data-based argumentation and make them visible for the students (see also
sample task in Fig. 3 and considerations about the task below).

Figure 1 shows in a simplified way how evidence can be generated from the fact base through
modelling and how argumentation in the sense of scientific reasoning can use this evidence.
Moreover, modelling (e.g., modelling assumptions) can be subjected to argumentation (and an
argument can encourage further or different modelling). Further, argumentation can directly interact
with the fact base (e.g., questioning sampling issues in data argumentatively, generating arguments
directly on the base of an element of the fact base). We would like to clarify that modelling is not
considered as being limited to a role subsidiary to argumentation, but as a mathematics-related
activity of its own right, a relationship which is also represented graphically in Figure 2.

Argumentation

Evidence

Modelling

Fact base (sources of evidence)

Figure 1: A scientific reasoning perspective on sustainability-related modelling and argumentation

Argumentation and modelling in sustainability-related topics - intertwined roles
in processes

Modelling is known as a process that can be carried out in multiple circles not only by experts, but
also in the mathematics classroom (e.g., Blomhej & Jensen, 2003); and also participating
argumentatively in sustainability-related discourses clearly has a process character. If, in Figure 1,
the modelling cycle is gone through several times, the evidence generated as modelling result may be
modified, possibly refined continuously, affording also refined argumentation. If the argumentation
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is used to participate in a sustainability-related discourse (it might also be a discourse enacted in the
mathematics classroom), then it can be expected that stimuli from the discourse might lead to refined
(or additional) modelling and/or refined (or additional) argumentation. Of course, it is also possible
to stay mainly within modelling activities (and also the exchange with others can stay there), a process
which can be driven by the shared interest of finding out more about a sustainability-related context
which requires modelling, e.g. about the influence of specific variables. Figure 2 represents these
processes in a simplified way, argumentation and modelling appear here as core elements with
intertwined roles in the process(es) of working on a sustainability-related topic, including the
exploration and examination of the ESD-related topic and taking part in discourses on the
corresponding topic, with exchange among the two circular processes. We will focus on the
intertwined roles more closely by considering task examples in the following section.

Taking partin Comparing own
discourses on ESD- modelling related to
related topics through ESD topics with
argumentation others’ modelling

Taking partin Exploring and

discourses on examining ESD-

ESD-related related topics

topics

Argumentation Modelling

Inersection
domain / interaction
between
argumentation and
modelling

Considerations of
modelling related to
ESD topics

Exchange with others’
arguments from
discourses on ESD-
related topics

Figure 2: Intertwined roles of argumentation and modelling (Kuntze et al., in prep., translated)

A focus on the intertwined roles of argumentation and modelling in task examples

The task examples in Figures 3 and 4 with learning goals related to ESD can be used to showcase
different phenomena related to the intertwined roles of modelling and argumentation when dealing
with sustainability topics, in line with the research interest outlined above.

The task shown in Figure 3 presents a diagram with data, preceded by claims in the headlines, and a
statement of a cartoon character, somewhat repeating the claim in the headline. In the diagram, a kind
of regression “arrow” is shown and the average temperatures of 1990 and 2010 are highlighted and
colour-coded in red and blue. An evaluation of the statement is asked for together with a justification.

The task thus asks for an evaluation supported by argumentation. For giving an adequate answer,
modelling steps in the sense of translating between mathematics and the rest of the world are
necessary. The “almost 5 degrees of cooling” can then be interpreted as the difference between the
average temperatures of 3,56° C and -1,28° C, using a pair comparison by subtraction model, for
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instance. Moreover, and as mentioned above, already reading data from the diagram implies
modelling steps. An alternative model given in the diagram is the regression line, here given in the
graphical form of an arrow, indicating a tendency downwards, however, of less than 1° C over the 20
years period shown in the diagram. For producing a counter-argument based on data, modelling is
necessary: The pair comparison by subtraction model could, for instance, be challenged by
considering the years 1991 and 2007, for instance, resulting in a seemingly “heating up” by more than
4° C. This modelling result could be integrated in an argument, such as: “the claim is misleading, as
already a different consideration of a pair of average temperature values (e.g., 1990 and 2007) leads
to an opposite conclusion, so that the claim about temperature development is questionable.” Also,
the regression line model can be observed, when a different time period is considered: The time
interval of the years 2003 to 2008 would have led to a regression line with a positive slope, for
instance, so that a counter-argument is possible also on this base. Seeking for more data than related
to the time from 1990 to 2010 will lead to more insight and further possibilities of modelling and
argumentation related to this ESD-related topic. Including the years up to 2025, argumentation
supporting an opposite claim is possible on the base of different modelling approaches.

In the case of this task, a (questionable) claim and even a (questionable) argumentation is given, and
on the base of carrying out modelling steps, a counter-argument can be generated.

Almost 5 degrees of cooling!
The winters in Germany got colder during 20 years!

0,06
1990 1991 1992 1993 1954 1995 ¥ 3 X 1 7 X ($o g 2010

1 2,28

Climate change is everywhere in the media, but
you have to look at it with more precision. If you
take the average winter temperatures from 1990

and 2010, you get a drop in temperature of
almost 5 degrees! How can you speak of global
heating against this background?

Evaluate this claim — and don’t forget to justify your answer.

Figure 3: Sample task (Kuntze & Krummenauer, 2025, p. 326)

The task in Figure 3 is based on statistical data, but this feature is not a necessary element of tasks
which intertwine argumentation and modelling steps in similar ways: Task 1 in Figure 4, for instance,
introduces a statement about the sustainability of replacing an old fridge by a new one vs. the
continuous use of such an old fridge. Modelling assumptions play a key role here and can be
supported by additional (e.g., online) information about typical energy consumption, resources
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needed for producing a fridge or energy costs. Through modelling steps, it can be weighed whether
the typically considerably lower energy consumption of a modern fridge can compensate the
resources needed for its production. Like this, modelling steps yield evidence which can directly be
used for argumentation related to this sustainability topic.

Task 2 in Figure 4 (cf. Kuntze et al., in press) is structurally different. In this case, argumentation is
not asked for, as the question aims at modelling the volume of water lost as a consequence of the
drippy water tap. Yet, an implicitly inherent aim related to decision-making and argumentation can
be assumed, in particular in case the task is accompanied by information about water consumption in
drought zones: The resource loss modelling result, i.e., the amount of the water resulting from the
modelling process, is evidence which can very probably lead to astonishment of the learners and the
conclusion that drippy water taps should be repaired soon in order to avoid such resource loss. So
even if this task does not require an argumentation, the learners may implicitly be encouraged to draw
conclusions from their modelling results in argumentative ways.

My friend has bought a brand new fridge for
300 Euros - he says it is very sustainable.

But what a misunderstanding - just 2
imagine the resources needed for
producing the fridge! My fridge in contrast There is a drippy
works perfectly for 30 years now, and | have water tap in Andy’s
got it for free from my uncle. classroom. How

much water gets lost

What do you think of what Eric says? Please justify e cREh TEm R

your answer by estimating consumption scenarios.

Audrey’s water tap is drippy since four
weeks, and now by the time it got colder
outside she has remarked that one of the
radiators operated by the gas heating in
her flat is just superhot all the time, no
chance to put it lower. She has money
available for one reparation only. What is
your recommendation?

(Don’t forget to justify your answer.) 3

4 We should ban cars from
the city centre and
replace them by public
transport - just imagine
how much space could be
saved for other purposes!

Figure 4: Further task examples / task approach examples

Task 3 in Figure 4 can be considered as a variant related to task 2. In this case, a justification is
required, and a decision-making situation is created explicitly. The decision between the two
reparations creates the need of using criteria, and different criteria may lead to different arguments
which can be generated on the base of corresponding modelling: If CO2 emissions are foregrounded,
for instance, then the amount of CO2 emitted unnecessarily through the gas heating may be considered
as more significant and the radiator reparation may get priority (the amount still needing modelling,
as also producing and transferring drinking water requires a small amount of CO2 emissions). Also,
money can be considered as a resource (as it can be used for sustainability-increasing purposes,
among other aspects): Learners might even argue that Audrey should try to finance both reparations,
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as carrying out both of them will save money for water resp. gas later on, supported by modelling
results about the water loss and gas consumption costs.

Task 4 in Figure 4 rather shows a task approach — the given statement should be accompanied with,
e.g., a satellite image of the city centre of the learners’ home town or a town in the students’
environment, or a specific part of the city centre, including, e.g., a parking lot area, so that surface for
building flats can be discussed argumentatively in addition to other urban surface uses. The task
formulation does not explicitly call for an argumentation, the given statement may however
encourage giving an answer together with a justification. An additional prompt such as “How do you
see this? Please justify your answer” could reinforce the aspect of argumentation here. Differently
from task 2, this task starts with a statement to which the learners should respond. A structural
difference compared to the task in Figure 3 consists in the aspect that the statement in Figure 3 relates
directly to pre-existing modelling steps, whereas the statement in Task 4 is rather open in its answer,
method and possible extensions (Yeo, 2017), without evidence of prior modelling.

Consequently, tasks can provide models, modelling steps or modelling attempts which may call for
counter-modelling, i.e., elaborating an alternative model and generating evidence for argumentation,
or they can encourage modelling for argumentation without providing indications of prior modelling,
so that a given statement has to be substantiated through modelling-based argumentation.

Further task formats showcasing the intertwined roles of argumentation and modelling are thinkable:
Building on prior work on learning from given modelling solutions (Kuntze & Eppler, 2019), tasks
could focus on the reflection on given modelling and argumentation answers, exploring their thinking
steps, their structure and possibilities of improving the model and/or the argumentation.

Discussion and conclusions

The research interest outlined above focused on (1) describing the intertwined roles of argumentation
and modelling in sustainability-related topics and (2) on specific features of the interplay between
argumentation and modelling in sustainability-related topics on the level of specific tasks. As argued
above, the theoretical foundation brought by a scientific reasoning perspective afforded describing
the interplay between modelling and argumentation in sustainability-related topics (see in particular
Figure 1), also framed in processes of participating in sustainability-related discourses in democratic
societies and of the exploration of the corresponding sustainability-related topic through modelling
in order to be able to compare own modelling approaches with others’ modelling (cf. Figure 2).

The consideration of example tasks yielded further insight into the intertwined roles of argumentation
and modelling: Opportunities of argumentation can originate in modelling and vice versa. For
classroom practice, this suggests designing scenarios that encourage learners to compare competing
models, make assumptions explicit, and discuss what counts as supporting evidence or counter-
evidence in sustainability-related contexts.
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This paper is an attempt to create a dialogue between Mathematics Education (ME) and Philosophy
of Mathematical Practice (PMP), adopting an interdisciplinary methodology. A boundary crossing
mechanism of identification from PMP to ME has been carried out to explore learning potential from
PMP for ME works on argumentation and proof and identify possible boundary objects between the
two disciplines. The work identified the working definition of mathematical proof proposed by De
Toffoli (2021) as learning potential and the notion of simil-proof as a possible boundary object.

Keywords: philosophy of mathematical practice, identification, boundary object, simil-proof.
Literature review and rationale

Research in ME has sought to understand the roles of mathematical reasoning, argumentation, and
proof in constructing mathematical knowledge and select aspects of proving that are worth conveying
to students. Recent contributions from the CERME13 TWGI corpus confirm that the contemporary
research landscape remains deeply diverse, covering interactional-linguistic and epistemic-logical
aspects of argumentation (Ferrari & Saccoletto, 2023; Asenova, 2023), the genericity character of
proofs in the transition from pragmatic to conceptual proofs and in relation to example-based visual
proof attempts (Trouvé, 2023; Gayer, 2023), aspects of rationality in the interplay between content
knowledge and meta-knowledge about proofs (Boero & Azrou, 2023), and the interplay between a
statement intuitively achieved and the production of a mathematical proof (Mariotti et al., 2023).
These research works are framed with different theoretical approaches (e.g. Toulmin, 2003;
Balacheff, 1988; Habermas, 1998; Mariotti, 2006), each of them highlighting a different aspect of
argumentation or proving process and holding a different meaning of the notion of mathematical
argumentation and proof (Hanna, 2020). This diversity reflects the field’s dynamism; however, it is
also a sign of fragmentation. In this research scenario, the priority should remain to reach a higher
level of theoretical coherence and an overall understanding of the learning and teaching of proof
(Balacheft, 2008).

As a central activity for mathematicians, mathematical proof is an object of interest in philosophy of
mathematics as well, a discipline that has studied it predominantly from a foundationalist perspective.
Alongside the main currents of philosophy of mathematics, a broad cluster of approaches, known
under the name of Philosophy of Mathematical Practice (PMP), sharing a common interest in issues
arising from actual mathematical practice, has consolidated over the past decades. PMP investigates
the ways in which mathematics is practised, including in its research aspects such as fruitfulness,
evidence, visualisation, diagrammatic reasoning, understanding, and explanation (Mancosu, 2008;
De Toffoli & Mancosu, in press). In this perspective the traditional and idealised view of
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mathematical proof as solely deduction from the axioms has been challenged, with the attempt to
outline a characterisation of mathematical proof that better reflects mathematicians’ practice (De
Toffoli, 2021).

ME interacts with philosophy on multiple fronts, one of which is philosophy of mathematics (Ernest,
2012). In research on mathematical proof, the epistemology of mathematics becomes particularly
relevant: how ME researchers conceptualise mathematical validation shapes the criteria for what
counts as valid mathematical proof (Balacheff, 2008). Consequently, the researcher’s own
epistemological stance acts as an internal constraint, guiding the theoretical and methodological
assumptions that frame the research results on teaching and learning of mathematical proof
(Sierpinska & Lerman, 1996). Making this epistemological stance explicit is therefore a first step
toward the maturity and coherence of the field of ME (Balacheft, 2008).

While ME research has long acknowledged various traditional epistemological stances, many
scholars within PMP have an ecumenical attitude, emphasising a complementarity with foundational
projects. By expanding the domain of the philosophy of mathematics, PMP fosters interactions with
ME, representing a promising and unexplored shift. Contributions from the PMP community have
begun to explore possible forms of dialogue between PMP and ME (Hamami, 2025); some of these
appear in the special issue Mathematics Education meets the Philosophy of Mathematical Practice
(Hamami et al., 2024). More structured joint contributions from the ME and PMP community are, to
our knowledge, still limited. Key points of contact have been identified such as reasoning and proof,
diagrams and visualisation, understanding and explanation, notations and symbolic systems
(Hamami, 2025). These themes help outline potential connections between PMP and ME; however,
caution is needed in identifying how to make claims about mathematicians’ practice and how these
claims should inform ME (Stillman et al., 2020; Weber et al., 2020). To facilitate interaction, specific
efforts from each community are needed, aimed at clarifying one field’s perspectives and goals for
the other. This paper is an attempt to explore the potential of such interactions, especially
investigating if and how PMP can provide useful conceptual tools for clarification and identity
development for ME research on mathematical reasoning, argumentation and proof.

Context of research

This work is situated within the project Humanizing Mathematical Knowledge' (HUMATH), whose
aim is to provide a theory of mathematical knowledge and justification that accounts for how such
knowledge is produced and shared among human beings. HUMATH investigates, from a PMP
perspective, diagrams, the relation between ordinary proofs and formal proofs, as well as the evolving
role of automated provers in mathematicians’ professional practices. While its primary focus is
philosophical, the project also considers the application to ME as a relevant domain in which the
transmission and construction of mathematical knowledge take place.

The dialogue between PMP and ME within the project began with a workshop designed as a forum
for exchange between experts from both fields. The authors of this paper participated in the workshop

1 https://sites.google.com/view/humath
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as ME experts (first, third, and fourth authors) and PMP experts (second author). The initial goal was
to lay the foundations for an interdisciplinary collaboration and possible directions of work. The
interaction readily brought to light significant lexical ambiguities arising from the encounter between
these distinct disciplinary domains. This resulted in participants being found using the same terms to
denote different concepts, or different terms for the same phenomena; profound differences emerged
in the use and interpretation of fundamental terms, including discovery, justification, proof,
argumentation, belief, evidence, intuition. These ambiguities revealed what the literature already
brought to light: that PMP and ME, while sharing topics and working on a partially common ground,
operate within different scientific sectors, each with their own specific lexicon and research goals.
The workshop highlighted that maintaining the identity of individual disciplines is essential, but it
also underscored the need for a specific methodology to navigate these disciplinary differences and
avoid grounding the interaction on terms which hold different meanings in the two contexts.

The primary objective of this work is to investigate the conditions of possibility for a structured
dialogue between ME and PMP on mathematical argumentation and proof. Currently, as the
introductory report of CERME13 TWGI highlights, the ME research on the topic is characterised by
a complex and multifaceted landscape that renders interdisciplinary interaction difficult but rich and
promising to implement.

Methodological framework and research question

Building on the issues identified during the workshop, we adopted a specific methodology for
interdisciplinary projects, in line with Satanassi et al. (2023). While boundaries in academia are
expected due to high specialisation, the complexity of modern research often necessitates entering
other territories, creating the challenges typical of hybrid situations. A boundary suggests both
division between sites and discontinuity in action or interaction yet also implies proximity and
continuity because the different sites are concerned with something in common and are relevant to
one another in a specific way (Akkerman & Bakker, 2011).

According to this approach, grounded in dialogicality, learning is a dialogue involving multiple
perspectives, in which differences — intended as multiple meanings — are resources for learning. These
multiple perspectives meet at the boundary, and the dialogue happening there possibly leads to
meaning making and transformation of the involved practices. The renewed sense-making and
transformation of the practices is the learning potential carried by the boundary (Akkerman & Bakker,
2011). This approach introduces the notion of boundary object as an artefact that can fulfil a specific
function in bridging intersecting practices. A boundary object inhabits several intersecting worlds
and satisfies the informational requirements of each of them,; it is plastic enough to adapt to local
needs, yet robust enough to maintain a common identity across sites, and while weakly structured in
common use it becomes strongly structured in individual site use (Star & Griesemer, 1989). Among
the four mechanisms of learning at the boundary identified by Akkerman and Bakker (2011) —
identification, coordination, reflection, and transformation — this study focuses on identification
which consists in a person’s transitions and interactions across different sites. An initial phase of
identification occurs when the lines of demarcation between practices are destabilised due to overlaps
or perceived threats and serves as water testing for later phases. It is understood as comparing



differences between disciplines and crossing the boundary with the necessary deconstruction and
questioning of the core identity of each intersecting site. Identification involves two characteristic
processes: othering (defining one practice by delineating its difference from the other) and
legitimating coexistence (recognising the diverse practices as valid). The learning potential of
identification resides in a renewed sense-making of the practices involved.

In this work, the boundary is drawn between two distinct scientific sectors, and the division is defined
by divergent sociocultural values, research practices, and domains of expertise. For ME the primary
goal is to study process of acquisition and transmission of mathematical knowledge, while for PMP
it is to understand the nature of the mathematicians’ practice. Despite these discontinuities, proximity
is maintained through a common interest in understanding how mathematical knowledge is acquired
and shared among human beings. Within this broad boundary ground, we identify a narrower
boundary zone centered on mathematical reasoning, argumentation, and proof (Hamami, 2025).

The concept of mathematical proof, within ME research and on the boundary with PMP, functions
as the black box proposed by Akkerman & Bakker (2011): it is frequently taken for granted or remains
invisible. However, when carefully opened, it may reveal lexical and conceptual differences that
provide fertile ground for learning. The diverse meanings of mathematical proof, within ME research
and with respect to PMP, can be understood here as potential for learning, explaining the interest and
relevance of boundary crossing from PMP to ME as phenomena worthy of investigation. The goal is
to explore the learning potential that PMP perspective offers to ME, possibly triggering a renewed
sense-making of the conceptualisation of mathematical proof in ME, and lay the groundwork for
future practical and theoretical implications.

The transition is performed by the second author of this work, a philosopher acting as a boundary
actor moving from the PMP domain into the scientific literature of ME. To implement this transition
practically, and in light of the literature review conducted on CERME13 TWG1 papers, the ME team
(first, third and fourth authors) selected among foundational works that are theoretical cornerstones
for contemporary research. The preliminary review of the sample of current research helped to
identify frequent theoretical references used to frame proof and proving, pointing to the works of Gila
Hanna and Nicolas Balacheff, that still represent the roots of contemporary ME research on proof.
Consequently, we selected two seminal texts by these authors: Aspects de la preuve dans
l'enseignement mathématique (Balacheff, 1988) and Some pedagogical aspects of proof (Hanna,
1990). This is intended as a starting point for a dialogue and not as an exhaustive work.

The philosopher was asked to analyse these works exclusively through the lens of his own expertise
(PMP), without prior knowledge of the broader ME literature. This blind disciplinary analysis aimed
to observe if and how the PMP perspective can create learning potential for ME, refine the boundary
object of mathematical proof, and possibly identify new potential boundary objects within these
established perspectives.

Based on the methodological framework described above, this work seeks to answer the following
question: What learning potential and boundary objects emerge from the boundary crossing
mechanism of identification from PMP to ME performed by a philosopher by means of reading the
works by Balacheff (1988) and Hanna (1990)?
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